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Chapter  1 
INTRODUCTION 


Map  projection  is  the  orderly  transfer  of  positions  of  places  on  the  surface  of  the  earth 
to  corresponding  points  on  a flat  sheet  of  paper,  a map.  The  process  of  transformation  re* 
quires  a degree  of  approximation  and  simplification.  This  first  chapter  lays  the  ground-work 
foi  the  study  by  detailing,  in  a qualitative  way,  the  basic  problem  and  introducing  the 
nomenclature  of  maps.  Succeeding  chapters  will  consider  the  mathematical  techniques  and 
the  simplifications  required  to  obtain  manageable  solutions  [9)  ,* 

All  projections  Introduce  distortions  in  the  map.  The  types  of  distortion  are  considered 
in  terms  of  length,  angle,  and  area.  This  chapter  discusses  the  qualitative  aspects  of  the  prob- 
lem, while  Chapter  7 deuls  with  it  quantitatively. 

The  coordinate  systems  useful  in  locuting  positions  on  tire  earth,  and  on  the  map  are 
summarized.  The  concept  of  scale  factor  to  reduce  earth  sized  lengths  to  map  sized  lengths 
Is  discussed. 

Map  projections  may  be  classified  In  a number  of  ways.  The  principle  one  is  by  the 
features  preserved  from  distortion  by  the  mapping  technique.  Other  methods  of  classifica- 
tion depend  on  the  plotting  surface  employed,  the  method  of  contact  of  this  surface  with 
the  earth,  and  the  orientation  of  the  plotting  surface  with  respect  to  the  direction  of  the 
earth's  polar  axis.  Finally,  maps  can  be  classified  according  to  whether  or  not  u maj)  can  be 
drawn  by  purely  graphical  means,  * 

The  convention  for  azimuth  used  in  this  volume  Is  also  Introduced. 


1.1  Introduction  to  the  Problem 

Map  projection  requires  the  transformation  of  positions  from  a curved  surface,  the 
earth,  onto  a plane  surface,  the  map,  in  an  orderly  fashion.  The  problem  occurs  because  of 
the  difference  in  the  surfaces  Involved, 

The  model  of  the  earth  is  either  a sphere  or  spheroid  (Chapter  .V).  These  curved  sur- 
faces have  two  Unite  radii  of  curvature,  The  map  is  a plane  surface,  and  a plane  is  character- 
ized by  two  infinite  radii  of  curvature.  As  will  be  shown  In  Chapter  2.  it  is  impossible  to 
transform  from  a surface  of  two  finite  radii  of  curvature  to  a surface  of  two  infinite  radii  of 
curvature  without  introducing  some  distortion.  The  sphere  and  the  spheroid  are  called 
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nondevelopable  surfaces,  This  refers  to  the  inability  of  these  surfaces  to  be  developed  (l.e., 
transformed)  into  a plane  in  a distortion  free  munner  (8) . 

Intermediate  between  the  nondevelopable  sphere  and  the  spheroid,  und  the  plane  are 
surfaces  with  one  finite  and  one  infinite  radius  of  curvature.  The  examples  of  this  type  of 
figure  are  the  cylinder  and  the  cone,  These  surfaces  are  called  developable,  Both  the  cyl- 
inder and  the  cone  cun  be  cut,  and  then  developed  (essentially  unrolled  along  the  finite 
radius  of  curvature)  to  form  a plune,  This  development  introduces  no  distortion,  and  thus, 
these  figures  may  be  used  as  intermediate  plotting  surfaces  between  the  sphere  and  spheroid, 
and  the  plane.  However,  in  any  transformation  from  the  sphere  or  spheroid  to  the  develop- 
uble  surface,  the  dumuge  has  already  been  done,  The  transformation  from  the  nondevelop- 
able to  the  developuble  surface  has  already  introduced  some  degree  of  distortion, 

Consider  of  whut  an  ideal  map  would  consist  [8] . 

(1 ) Areas  on  the  map  would  maintain  correct  proportion  to  areas  on  the  earth, 

(2)  Distances  on  the  map  would  remain  in  true  scale. 

(3)  Directions  and  angles  on  the  map  would  remain  true. 

(4)  Shapes  on  the  mup  would  be  the  sunie  us  on  the  earth. 

The  Impossibility  of  a distortion  free  transformation  from  the  nondevelopable  surface 
to  the  plane  prevents  the  realization  of  the  ideal.  The  best  a cartographer  can  hope  for  Is  u 
realization  of  one  or  two  of  these  features  over  the  entire  map.  The  other  features  are 
subject  to  distortion,  but  hopefully  to  a controlled  extent. 

Tlie  projections  of  Chapters  4,  5,  and  6 are  the  cartographer’s  answers  to  the  problems, 
In  each  of  those  projections,  some  of  the  desired  feutures  are  maintained,  The  distortion  in 
the  other  features  will  bo  tolerable, 


1.2  Distortions  |22| 

Distortion  is  the  villain  of  the  piece.  Distortion  in  mups  may  be  In  area,  length,  angle, 
or  shape. 

Distortion  in  area  is  shown  in  Figure  1.2.1(a).  While  shupe  Is  maintained,  the  area  on 
the  map  may  be  enlarged  or  diminished, 

Distortion  in  length  is  common,  and  Figure  1.2.1(b)  is  an  illustration.  Often,  while  the 
cartographer  is  able  to  maintain  true  length  in  one  direction,  he  cannot  do  so  in  a second 
direction, 

Angular  distortion  is  also  prevalent,  Thus,  angles  on  a map  will  not  necessarily  be  the 
same  as  their  counterparts  on  the  earth.  Thus,  azimuths  on  the  map.  tv'  will  not  coincide 
with  true  azimuths'  cv  on  the  earth.  This  is  shown  in  Figure  1.2.1(e), 

Distortion  in  shape  can  occur  in  a number  of  ways.  One  is  a general  change  of  shape  of 
the  figure.  A second  is  a shearing  type  of  effect.  Figure  1.2.1(d)  demonstrates  both  of 
these  changes. 
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An  actual  map  will  have  combinations  of  these  distortions.  The  numerical  theory  of 
distortion  will  be  presented  in  Chupter  7 of  this  report. 

Now  that  we  are  acquainted  with  the  problem,  the  next  sections  in  this  chapter  will 
introduce  some  of  the  terms  needed  for  the  study  of  map  projections  before  entering  the 
mathematics  of  Chapter  2. 


1 .3  Coordinate  Systems  f 1 8 1 

Coordinate  systems  are  necessary  for  both  the  earth  and  maps  for  the  orderly  location 
of  points,  Two  types  of  coordinate  systems  will  be  considered  for  the  earth.  They  are  a 
Cartesian  system,  and  an  angular  system.  For  maps,  the  most  convenient  system  is  Cartesian. 

The  terrestrial  coordinate  system  is  demonstrated  in  Figure  1.3,1.  The  origin,  0,  of  the 
system  is  at  the  center  of  the  earth,  The  x-  and  y-axis  form  the  equatorial  plane.  The  curve 
on  the  earth  formed  by  the  intersection  of  this  plane  with  the  earth’s  surface  is  the  equutor, 
Tire  positive  x-axls  Intersects  the  curve  AGN.  The  curve  AGN  is  a plane  curve,  which  is 
called  the  Greenwich  meridian.  The  positive  z-axls  coincides  with  the  nominal  axis  of  rota- 
tion of  the  earth,  and  points  in  the  direction  of  the  north  pole,  N.  The  y-axis  completes  a 
right-handed  coordinate  system, 

Any  point,  P,  on  the  surface  of  the  earth  can  be  located  by  the  coordinates  x,  y,  and  z. 
However,  since  any  point  is  constrained  to  lie  on  the  surface,  the  three  coordinates  are  not 
all  independent,  They  are  related  by  the  equation  of  the  surface  (Chapter  3),  Thus,  there 
are  only  two  Independent  coordinates,  or  two  degrees  of  freedom, 

Instead  of  using  two  arbitrarily  chosen  members  of  the  set  x,  y,  and  z as  the  Indepen- 
dent coordinates,  it  is  more  convenient  to  use  two  Independent  angular  coordinates:  latitude 
and  longitude, 

A meridian  Is  a curve  formed  by  the  intersection  of  a ficticious  plane  containing 
the  z-axls  and  the  surface  of  the  earth.  Tire  Greenwich  meridian  hus  already  been  mentioned, 
There  is  an  in  Unity  of  meridians,  depending  on  the  orientation  of  the  cutting  plane, 

The  use  of  latitude  and  longitude  depends  on  locating  a point  on  u meridian  and  then 
locating  the  meridian  with  respect  to  the  Greenwich  meridian,  Latitude  is  the  angular 
measure  defining  the  position  of  point  P on  the  meridian  BPN.  Latitude  Is  denoted  by  <p, 

The  position  of  the  meridian  that  contains  P is  defined  by  the  longitude,  X,  The  longitude 
Is  the  angle  A013.  measured  in  the  equatorial  plane,  from  the  Greenwich  meridian. 

The  conventions  for  latitude  and  longitude  are  as  follows.  Latitude  Is  measured  plus 
to  the  north,  und  minus  to  the  south,  Longitude  is  measured  positive  to  the  east,  and  nega- 
tive to  the  west, 

The  circles  of  parallel  are  generated  by  cutting  planes  parallel  to  the  equatorial  plane 
which  intersect  the  earth,  All  points  on  the  circle  of  parallel  have  the  same  latitude, 


The  mathematical  relationships  between  the  polar  and  Cartesian  coordinates,  as  well  as 
the  definition  of  the  types  of  latitude  is  deferred  until  Chapter  3,  where  the  sphere  and  the 
spheroid  are  discussed. 

The  coordinate  system  for  the  mup,  Figure  1.3.2,  is  a two  dimensional  Cartesian  system, 
The  plus  x-axis  is  toward  the  east,  and  the  plus  y-axis  is  toward  the  north.  The  origin,  O',  of 
the  system  will  depend  on  the  scheme  of  projection  to  be  developed  in  Chapters  4,  5,  and  6. 

In  most  cases  there  will  be  some  straight,  arbitrarily  chosen  central  meridian  which  serves  as 
the  ordinate  of  the  projection. 

The  object  of  map  projection  is  to  transform  from  the  terrestrial  angular  system  to  the 
map  Cartesian  system,  Chapters  4,  5,  and  6 will  provide  the  methods  for  these  transformations. 


Central 

Mtridlan 


Figure  1.3.2.  Map  coordlniitn  system 
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1.4  Scale  18) 

The  scale  of  the  map  is  the  ratio  of  the  distance  on  the  map  to  the  corresponding  dis- 
tance on  the  earth,  or  dm/de.  If  the  distance  on  both  the  nuip  and  the  earth  have  the  same 
units,  then  the  scale  Is  a dimensionless  quantity.  Scale  is  another  aspect  of  the  orderly 
transformation  from  earth  measurement  to  map  measurement. 

The  presence  of  distortion  requires  the  definition  of  two  types  of  scale:  the  principle 
scale  and  the  local  scale. 

The  principle  scale  Is  based  on  a meridian  or  parallel  which  is  a uniformly  true  scale  for 
the  entire  map,  It  is  the  scale  used  for  shrinking  the  spheroidal  surface  of  the  earth  to  the 
plane  of  the  paper, 

At  other  places  on  the  map,  where  distortions  are  present,  the  scale  will  he  different 
from  true  scale.  This  local  scale  will  be  larger  or  smaller  than  the  principal  scale,  depending 
on  the  mechanism  of  the  distortion. 

The  local  scale,  as  a function  of  distortion,  and  the  principle  scale  may  he  quoted  on 
the  legend  of  a map,  A more  useful  means  is  a graphical  scale  drawn  In  the  map  legend,  and 
specified  for  the  latitudes  and  longitudes  where  it  applies,  As  an  example,  for  the  Mercator 
projection  (Chapter  5),  a set  of  scales  can  be  drawn  as  a function  of  latitude,  which  will  en- 
sure the  correct  distances  for  measuring. 

The  terms  large  scale  versus  small  scale  come  from  consideration  of  the  fraction  dm/de, 
A scale  of  1/10,000  Is  a large  scale,  and  I/I  ,000,000  Is  a small  scale,  A plan,  or  a map  show- 
ing buildings,  cultural  features,  or  boundaries  Is  usually  1/10,000  or  larger,  A topographic 
map,  which  gives  roads,  railroads,  towns,  and  contour  lines,  and  other  details  has  a scale  be- 
tween 1/10,000  and  1/1  000,000,  Maps  of  a scule  smaller  than  1/1,000,000  are  atlas  maps, 
These  maps  delineate  countries,  continents,  and  oceans, 

The  scale  factor,  S,  Is  used  In  the  plotting  eq, nations  of  Chapters  4.  5,  and  n.  and  is 
equal  to  dm/de, 
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1,5  Classification  by  Feature  Preserved  |22| 

Maps  may  be  classified  by  the  feature  rescued  from  distortion,  or  by  the  agreement 
that  some  distortion  will  simply  be  tolerated.  This  system  of  classification  divides  maps 
into  three  catagorics:  equal  area,,  conformal  and  conventional, 

The  equal  area  projection  preserves  the  ratio  of  areas  on  the  earth  and  on  the  map  as  a 
constant,  Any  part  of  the  map  hears  the  same  relation  to  the  area  on  the  earth  It  represents 
that  the  whole  map  bears  to  the  total  earth  area  represented.  Any  quadrangular  shaped  sec- 
tion of  the  map  formed  by  a grid  of  meridians  and  parallels  will  he  equal  in  area  to  any  other 
quadrangular  area  of  the  same  map  that  represents  an  equal  area  of  the  earth.  Angles  usually 
suffer,  A contraction  of  meridians  will  have  to  he  offset  by  a lengthening  of  parallels,  or 
vice  versa,  but  the  enclosed  area  will  remain  the  same.  This  concept  is  Illustrated  in  Figure 
1.5, 1(a).  All  of  the  quadrilaterals  have  the  same  area. 
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A cun  I urinal  projection  is  one  in  which  the  shape  of  any  small  surface  of  the  map  is 
preserved  in  Its  original  form.  Care  must  be  used  in  applying  this  concept,  since  It  is  true 
only  locally,  and  cannot  be  extended  over  large  surface  areas.  The  true  condition  for  a con- 
formal map  Is  that  the  seule  ut  any  point  is  the  same  In  all  directions,  The  scale  will  change 
from  point  to  point,  but  it  will  be  independent  of  the  azimuth  at  all  points,  The  scale  will 
be  the  same  in  all  directions  from  a point  if  two  directions  at  right  angles  on  the  earth  are 
mapped  into  two  directions  thut  are  also  at  right  angles  to  each  other.  The  meridians  and 
parallels  of  the  earth  Intersect  at  right  angles,  and  a conformal  projection  preserves  this 
quality  on  the  map.  Conformal  quadrilaterals  are  shown  In  Figure  1.5.1(b).  Another  term 
used  in  ro luring  to  conformal  projections  is  ortbomorphlc.  or  same  form. 

Conventional  projections  are  all  those  which  ure  neither  equal  area  nofconfotimtl. 

This  is  not  meant  as  a disparaging  term,  Many  of  the  conventional  maps  are  of  great  utility. 
In  the  Gnomonie  projection,  the  feuture  preserved  is  that  great  circles  become  straight  lines, 
In  the  Azimuthal  equidistant  projection  the  distance  and  azimuth  from  tire  origin  to  any 
other  point  on  the  map  is  true.  The  I’olyccyii"  and  van  der  Grin  ten  projections  have  seen 
considerable  service  as  road  maps.  All  the  is  implied  by  the  term  conventional  Is  that  the 
cartographer  has  been  willing  to  sacrifice  the  features  of  equal  area  or  conformality  In  order 
to  retain  some  other  feature,  or  to  obtain  a simple,  utilitarian  algorithm  for  the  projection, 


1.6  Classification  by  Projection  Surface  1 22 ) 

Only  three  projection  surfaces  will  be  considered  the  plane,  the  cone,  and  the  cylinder, 
All  projections  In  use  today  are  accomplished  through  these,  or  modifications  of  these,  It 
can  be  argued  that  all  projection  surfaces  arc  conical,  since  llte  plane  and  the  cylinder  can  he 
considered  as  the  two  limiting  cases  of  the  cone.  However,  this  mathematical  nicety  Is  not 
usually  used,  and  the  three  surfaces  will  be  considered  as  distinct,  In  most  eases.  Figure  I .(>,  I 
shows  each  of  these  surfaces  In  relation  to  the  sphere. 

The  planar  projection  surface  can  be  used  fora  direct  transformation  from  the  earth. 
The  projections  which  result  are  called  azimuthal  (Figure  1 .6.1(a)).  Other  names  in  use  are 
zenithal,  or  planar  projections. 

Conical  projections  result  when  a cone  is  used  as  an  intermediate  plotting  surface.  The 
cone  is  then  developed  Into  a plane  to  obtain  the  map  (Figure  1 .6.1(b)). 

At  this  point  It  Is  convenient  to  Introduce  the  concept  of  the  constant  of  the  cone.  I ct 
a be  the  radius  of  the  earth.  From  Figure  1.6.2,  the  slant  height  of  the  cone  tangent  to  the 
earth,  p,  Is  found  to  be 


p - a cot  0 ( I .<>■  I ) 

where  0 Is  the  latitude.  Also,  from  the  figure,  d,  the  length  of  the  parallel  circle  AH,  which 
defines  the  circle  of  tungeney  of  the  cone,  is 

d - 2jracos0.  (1.6, 


■i.iji.ih.h:.  . 
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(b)  Conformal  quadrilattrali 
Flyura  1.6.1.  Quidrll«t»r»l  rapraiantatlon 
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The  constant  of  the  cone,  e,  Is  defined  from  the  reltitlon  between  the  developed  cone 
and  the  earth,  Let, 

i 

0 - dip.  ' (1.6.3) 

Substitute  ( 1 .6, 1 ) and  ( 1 .6.2)  Into  ( 1 .6.3) 


. 2tra  cos  0 

()  C2  1 

a cot  0 

0 = 2»r  sin  0 . (1.6.4) 


The  constant  of  the  cone  is  c=  sin  0.  It  is  a multiplicative  factor  that  relates  longitudes  on 
the  earth  to  those  on  the  cone.  Equations  (1.6.1)  and  (1.6.4)  will  be  beneficial  in  Chapters 
4,  5,  and  6 in  the  Investigation  of  the  various  conical  projections. 

The  cone  may  also  be  secant  to  the  earth.  This  is  shown  in  Figure  1.6.3,  where  the 
circles  of  secancy  arc  ut  the  latitudes  0i , and  02.  From  the  similar  triangles,  the  ratios  of 
the  slant  heights  of  these  respective  latitudes  are 


£1  * a tt»*i 

P2  a cos  02 


COS  0| 
COS  02  ' 


(1.6.5) 


Note  In  equation  (1.6.4)  that  as  0 varies  from  0°  to  90°,  0 varies  from  0®  to  360°, 
When  0 is  0°,  then  we  have  a cylinder.  At  0 equals  360°,  we  have  a plane.  As  was  men* 
tloned  above,  It  will  be  useful,  usually,  to  treat  planes,  cones  and  cylinders  as  separate  en- 
tities, rather  than  lump  them  together  in  a single  general  approach  to  the  problem, 


Cylindrical  projections  arc  obtained  when  a cylinder  Is  used  as  the  intermediate  plotting 
surface  (Figure  1.6.1(c)).  As  with  the  cone,  the  cylinder  can  then  be  developed  into  a plane, 


In  Figure  i .6. 1 , a representative  position  on  the  earth,  P,  Is  shown  transformed  into  a 
position  on  the  projection  surface,  P'  i'or  each  of  the  projection  surfaces,  Chapters  4,  5,  and 
6 will  explain  the  methods  that  will  affect  such  transformations,  and  produce  useful  maps. 


1.7.  Classification  by  Orientation  of  the  Azimuthal  Plane  1 22 1 

As  was  seen  in  the  previous  section,  the  option  of  using  a tangent  cone  or  a secant  cone 
is  a means  of  further  differentiating  conical  projections.  Similarly,  azimuthal  projections 
may  be  classified  by  reference  to  the  point  of  contact  of  the  plotting  surface  with  the  earth. 

Azimuthal  projections  may  be  classified  as  polar,  equatorial,  or  oblique.  When  the  plane 
Is  tangent  to  the  earth  at  either  pole,  we  have  a polar  projection,  When  the  plane  Is  tangent 
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to  the  earth  at  any  point  on  the  equator,  the  projection  is  culled  equutorlul.  The  oblique 
cuse  occurs  when  the  plane  is  tangent  at  uny  point  on  the  earth  except  the  poles  and  the 
equator.  Figure  1 .7. 1 Indicates  these  three  alternatives.  In  each  case,  T is  the  point  of 
tangency. 


1.8  Classification  by  Orientation  of  a Cone  or  Cylinder  |22| 

Another  classification  set  cun  be  defined  for  cones  and  cylinders.  These  plotting  sur- 
faces may  be  considered  to  be  regular,  transverse,  or  oblique. 

The  regulur  projection  occurs  when  the  axis  of  the  cone  or  cylinder  coincides  with  the 
polar  axis  of  the  earth.  The  transverse  case  has  the  axis  of  the  cone  or  cylinder  perpendicu- 
lar to,  and  intersecting  the  axis  of  the  earth.  The  transverse  Mercutor,  und  the  transverse 
I’olyconic  arc  examples  of  this.  If  the  axis  of  the  cone  or  cylinder  lias  any  other  position  in 
space,  besides  being  coincident  with,  or  perpendicular  to,  the  axis  of  the  earth,  then  un 
oblique  projection  is  generated.  Figure  1.8.1  demonstrates  these  three  options  for  a simple 
projection. 


1 .9  Projection  Technique  1 3| , 1 1 1 1 

Three  techniques  of  projection  can  be  identified.  This  cun  serve  as  another  scheme  of 
classification.  The  methods  are  the  graphical,  the  semi-graphical,  und  the  mathematical. 

In  uny  graphical  technique,  some  point  0 is  chosen  as  a projection  point,  and  the 
methods  of  projective  geometry  and  descriptive  geometry  urn  used  to  transform  a point  P 
on  the  earth  to  a location  P'  on  the  plotting  surface.  An  example  of  this  is  Indicated  in 
Figure  1.9,1.  where  the  point  Pon  the  earth  is  transformed  to  the  oblique  plane  by  the  ex- 
tension of  line  OP  until  it  intersects  the  plane.  In  tiiis  example,  0 is  arbitrarily  chosen  as 
the  projection  point.  Since  anything  that  can  be  done  graphically  can  also  be  described 
mathematically,  we  will  not  encourage  graphical  constructions.  However,  those  projections 
which  are  capable  of  a strict  graphical  approach  will  be  identified  in  Chapters  4,  5,  and  ft. 

Those  projections  termed  mathematical  will  be  those  which  can  only  be  produced  by  a 
mathematical  definition.  No  draftsman  with  compass  and  straight  edge  can  plot  them  by 
means  of  the  projection  of  a ray. 

In  between  these  two  groups  are  the  semi-graphical  projections.  However,  for  various 
reasons,  such  as  a varying  projection  point  (Mercator),  or  a complex  graphical  scheme 
(Mollwcidc),  the  reasonable  approach  is  to  depend  on  a mathematical  procedure. 


1.10  Azimuth  |7| 

The  angular  measure  of  use  in  specifying  directions  on  the  earth  and  on  the  map  is  the 
azimuth.  The  azimuth  of  I’’  in  relation  to  I’  is  shown  in  Figure  1.10.1  for  the  earth.  Azimuth 
is  measured  from  the  north,  or  the  meridian  through  the  point  l\  in  a clockwise  manner. 
Azimuth  is  measured  the  same  way  on  the  map  as  on  the  earth. 
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1.11  Computer  Implementation 

The  subject  of  map  projections  certainly  has  intrinsic  interest.  Of  more  importance  to 
surveyors,  cartographers,  and  all  other  workers  in  the  field  of  map  projections,  is  the  avail- 
ability of  plotting  equations,  and  their  incorporation  onto  a computer  program  that  permits 
their  utilization.  The  ultimate  goal  of  this  report  is  to  provide  Cartesian  plotting  equations 
as  a function  of  latitude  and  longitude,  and  a computer  program  which  includes  the  most 
important  of  them.  This  will  be,  at  the  very  least,  a good  beginning  for  further  practical 
work. 

After  the  basic  concepts  are  derived  in  Chapters  2 and  3,  the  uctual  equations  for 
mapping  will  be  developed  in  Chapters  4,  5,  and  6. 

The  computer  program  in  Appendix  A.l  combines  twenty  of  the  most  useful  map 
projections  schemes  with  the  methods  of  providing  equal  area  and  conformal  qualities,  and 
the  methods  of  rotutionul  transformation.  In  all  cases,  the  latitude  und  longitude  coordi- 
nates of  the  earth  will  be  input,  and  converted  into  x-,  and  y-plotting  coordinates. 

These  subroutines  can  be  incorporated  Into  existing  and  proposed  progrums,  The  out- 
put can  be  suttuble  for  plotting  tables,  digital/analog  plotters,  or  CRT  display  [12],  [13]. 

Appendix  A.l  includes  un  input  guide  to  the  computer  progrum  MAP.  This  will  uld  the 
user  In  incorporating  Ills  values  of  the  earth  parameters  and  scale  factor,  und  selecting  the 
required  projection  scheme.  The  method  of  selecting  a complete  grid  or  a collection  of 
points  is  ulso  described, 
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Chapter  2 

MAPPING  TRANSFORMATIONS 


The  process  of  map  projection  requires  the  transformation  from  the  two  Independent 
coordinates  of  the  eurtn  to  the  two  Independent  coordinates  of  the  map,  This  chapter  will 
be  devoted  to  the  general  theory  of  transformations.  To  this  end,  It  will  be  necessary  to 
develop  some  applicable  formulas  of  differential  geometry,  and  apply  some  aspects  of 
spherical  trigonometry,) 

I 

The  differential  geometry  of  curves  will  give  the  needed  radius  of  curvature  and  torsion 
of  a space  curve.  The  differential  geometry  of  surfaces  will  concent  the  first  and  second 
fundamental  forms,  and  parametric  curves  and  the  condition  of  orthogonality.  The  surfaces 
of  Interest  in  mapping  are  suri'uces  of  revolution.  The  general  surface  will  be  particularized 
to  surfaces  of  revolution  (Chapter  3).  The  process  of  transformation  front  non-dcvelopable 
to  developable  surfaces  will  be  considered.  Representations  of  arc  length,  angle, t,  und  area, 
as  well  us  the  definition  of  the  normal  to  the  surface,  will  be  given. 

The  basic  transformation  matrix  will  be  derived,  The  conditions  of  equal  urea  and 
conformality  will  be  applied  to  this  transformation. 

The  convergence  of  the  meridians  is  next  considered.  Finally,  u rotation  method  for 
the  production  of  equatorial,  transverse,  und  oblique  projections  will  be  given. 


2. 1 Differential  Geometry  of  Curves  1 1 0| 

Consider  the  space  curve  of  Figure  2.1.1,  Let  f be  an  arbitrary  parameter.  Let  the 
vector  to  uny  point  l\  on  the  curve,  in  the  Cartesian  coordinate  system,  be 

r = x(£)T  + y(f)J  + /.(fit.  (2,1.1) 

Let  I Ar|  = As, 

The  unit  tangent  vector  at  point  I*  Is 


At  _ dr 
2Ts  " Ts 


(2.1.2) 


Applying  the  chain  rule  to  (2.1,2),  one  finds 


f _ dr  df 
1 df  ds ' 


(2.1.3) 
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1 *) 


Taking  the  total  differential  of  (2. 1 .3),  we  note 

'=(i 

Take  the  dot  product  oft  with  itself 


ar  ar  J ar 


Next,  look  ill  two  consecutive  tangent  vectors,  as  shown  In  Figure  2.1.2. 

i At  _ £ 

A.-.«  As  ~ ds 


let 


dt 

ds 


-kn 


where  k is  defined  as  the  curvature,  and  n is  the  principal  unit  normal, 
Dot  t with  Itself,  and  differentiate. 

t • t = I 

:i ' Is  ‘ 0 


(2,1.4) 


(2.1.5) 


(2.1,0) 


This  means  that  t is  perpendicular  to  df/ds,  and.  from  (2.1.0),  h Is  perpeiulicular  to  f. 


In  order  to  obtain  a right-handed  triad,  define  the  binomial  vector 

b = fXn, 

Thus,  we  have  t,  ft,  and  6 as  the  unit  vectors  at  P. 


(2.1.7) 


It  Is  useful  at  this  time  to  define  three  types  of  planes  intersecting  the  curve,  These  are 
the  osculating,  normal,  and  rectifying  planes.  The  oseulutlng  plune^ contains  t und  ft.  The 
normal  plane  contains  ft  and  fv  The  rectifying  plane  Is  defined  by  t and  b.  These  planes  are 
displayed  in  Figure  2. 1 .3. 

It  is  useful  now  to  obtain  the  derivatives  of  the  unit  vectors  us  a function  of  distance 
along  the  curve.  From  the  definition  of  the  unit  vectors,  we  have  the  relations 


6 - f x rr 

t ® ft  X b > . 

ft  ■ 6 x t„ 


(2.1.8) 


From  the  first  of  (2.1,8) 


4 = iL  (f  v as 

ds  ds  u * n) 


- l]i  v ft  + f y 4 

ds  * 11  + * X X • 


(2.1.9) 


Substitute  (2.1.0)  into  (2, 1 ,()). 


dh  i * y * i Pv  n 

ds  - ~kn  x n + r x IT 


= f x ^ . 

ds 


(2.1.10) 


Dot  n witli  itself,  and  differentiate. 


n • n - I 


2 ft  • y1  a 0 . 

ds 


Thus,  dn/ds  is  perpendicular  to  ft,  and  must  lie  in  the  rectifying  plane,  and  have  the  components 


^t  + rh 


(2.1,11) 


2(1 


Substitute  (2.1.1 1)  into  (2. 1.10) 

= t X(i^t  + Tb) 

. » r\  X & 

= -rfi . n.l\2) 

The  constant  r is  called  the  torsion.  It  is,  essentially,  a measure  of  the  twist  of  the  curve. 
From  the  lust  of  (2. 1, 8) 

dft 


f . f (6  x t) 

ds  ds  v 


JE  xft6x  1 


(2.1.13) 


Substitute  (2, 1 .6)  and  (2.1.1 2)  into  (2. 1,13), 


c4|  = -rn  X t + & X (-kn) 

* rt>  + kf . (2.1.14) 

liquations  (2.1.6),  (2.1.13),  and  (2.1.14)  can  be  urrunged  in  matrix  form. 


(2.1.15) 


These  are  the  Frenet-Serret  formulas. 

The  next  step  will  he  to  obtain  the  mathematical  relations  for  the  curvature  and  the 
torsion. 

The  curvature.  In  general  parametric  form.  Is  ohtulned  from  (2.1.2)  and  (2.1.6). 


‘df/ds" 

‘0 

-k  O' 

T 

dh/ds 

= 

k 

0 r 

n 

, dS/tls. 

.0 

-r  0. 

I 


4 


A fill' 

ds  Ids; 


(2.1.16) 


Take  the  cross  product  oft  with  (2,1.16) 


t X (-kn)  - t X 


Apply  the  first  of  (2.1.8),  and  (2.1.2)  to  (2.1.17). 

-k&  = dr  x dir 
K 3s  ds* 


k - 4?  X d!l  . 

35  ds* 


For  the  general  parameterization, 


dr  „ dr  <1? 
ds  ~ d?  ds 


(2,1.17) 


(2.1.18) 


(2,1.19) 


d£r  = dir  /di\  . dr  (fl\ 
ds  “ df*  \ ds  / df  \JS2  /' 


Substitute  (2. 1.19)  and  (2. 1 ,20)  into  (2.1.1 8). 


(2.1.20) 


k . dr  A x [dir  (tii  + iL  W 
df  ds  * Ldt-2  \ds/  df  \d*J 


dr  y d^r  / df\ 
df  * df2  \ds/ 


(2,1,21) 


Sul  .ilitute  (2.1.5)  into  (2,1.21), 
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k = 


dr  Y d2r 

,dr* 


A similar  procedure  cun  be  followed  to  obtain  the  torsion. 


db 


Substitute  the  first  of  (2.1.8)  into  (2.1.23). 

r>-  i(txn)  -.n 


From  (2.1.16) 


y 

\ds  * 

n + t X 

dn\ 
ds  ) 

a 

• n 

(t  X n) 

ds 

d2r 

ft  “ - 

ds2 

k 

d3r 

dk 

dn 

ds3  j 

Ils 

d2r 

ds 

nr  + 

k2 

ds2 

Substitute  (2.1,2).  (2.1.25),  and  (2.1.26)  into  (2.1,24), 

4Lr\  /£r  dk 

ds2  ] , I ds3  _ _ds_ 

k / \ k k2 

= J_  /dr  x dM  . d^r 

k2  \ds  ds2 / ds3  ' 

For  the  general  parameterization,  differentiate  (2.1.20) 


(2.1.22) 

Dot  (2.1.12)  with  n. 

(2.1.23) 

t 

(2.1.24) 

(2.1.26) 


(2.1.27) 


, — ■ 


(2.1.281 


+ dr  dH, 
d£  cis3 

Substitute  (2. 1 .19),  (2, 1 .20),  and  (2.1 .28)  Into  (2. 1 .2. 1 .27) 


Substitute  (2.1.5)  into  (2.1.29). 


(2.1,29) 


(2.1,50) 


The  torsion  is  Importunt  for  such  curves  as  the  geodesic  (Chapter  3).  For  plane  curves, 
such  as  the  meridian  curve,  and  the  equator,  r = 0. 

As  an  example,  consider  a plane  curve  1 161 , and  let  £ = x,  and  y ® y(x),  Tlte  radius 
vector  is 


r = x!  +.  y(x)j 


Obtain  the  curvature,  by  differentiating  (2. 1 ,3 1 ). 


dj  „ , + ^ 

dx  dx 


d2r  _ d*y  . 
dx3  dx2  J 


Substitute  ( 2.  i .32)  and  (2. 1 .33)  into  (2. ! .22). 


(2.1.31) 


(2.1.32) 

(2.1.33) 


(2.1.34) 

Continued 
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(2.1.34) 


The  rudius  of  eurvutuie  is  the  reciprocal  of  the  curvature,  Thus,  from  (2.1.34,  and 
taking  the  magnitude, 

P " 1/k 


i 4-  (&\ 

1 + w 


(2,1.35) 


Continuing  from  (2. 1 ,33),  we  note  that 

cPr  = cPy  | 
dx3  dx3 

Substitute  (2,  l .32),  (2. 1 ,33).  und  (2,1 ,36)  into  (2. 1,30). 


(2,1,36) 


' I 0 


d2y 

0 —7  0 

dx2 


d3  y 

0 — - 0 
dx3 

T= — r-o 

, . dy  - 

k2  1 + dS  J 


2.2  Differential  (icometry  of  Surfaces  1 1 0 1 

The  parametric  representation  of  a surface  requires  two  parameters.  In  general,  for  the 
parametric  representation  of  a surface  by  two  arbitrary  parameters,  tv|  and  tvj,  the  vector  to 
a point  on  the  surface  is 


r - r(«i , «2 ) • 
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If  either  of  the  two  parameters  is  held  constant,  and  the  other  one  Is  varied,  a space 
curve  results.  This  space  curve  is  the  parametric  curve.  Figure  2.2.1  gives  the  parametric 
representation  of  space  curves  on  a surface.  The  <*[  -curve  is  the  parametric  curve  along 
which  «2  is  constant,  and  the  coi -curve  is  the  parametric  curve  along  which  t*i  is  constunt. 

The  next  step  is  to  obtain  the  tangents  to  the  parametric  curves  at  point  P.  The  tangent 
vector  to  the  a\  -curve  is 


*i 


(2.2.2) 


The  tangent  to  the  (*2  -curve  is 


«2 


flr 

30(2 


(2.2,3) 


The  plane  spanned  by  the  vectors  ai  and  *2  is  the  tangent  plane  to  the  surface  at  point  P. 
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The  total  (ftfferentlal  of  (2.2.1)  is 

dr  " taj  da>  + ba2  Aoii  1 {2'2A) 

Substituting  (2.2,2)  and  (2.2.3)  into  (2.2.4), 

dr  = Bi  doi  + 82  da2  . (2.2.5) 

Armed  with  equation  (2.2,5),  we  are  now  ready  to  introduce  the  first  fundamental 
form, 


2.3  First  Fundamental  Form  1 10) 

The  first  fundamental  form  of  a surface  is  now  to  be  derived.  The  first  fundamental 
form  Is  useful  in  dealing  with  arc  length,  area,  angular  measure  on  a surface,  and  the  normal 
to  the  surface. 

From  (2,2,5) 

(ds)2  = dr  • dr 

- (a i da|  + «2  dcX2  )(#i  daj  +82  dc*2) 

= at  • 8|(d«i)2  + 2(ai  ’ 82)  doq  dc*2 
+ 82  * 82(d02)J  • (2,3,1) 

Define  new  variables, 


li  = 8|  • af 
F = 8(  • 82 


Cl  = 82  ’ 82, 


(2.3.2) 


Substitute  (2.3.2)  Into  (2.3. 1 ). 

(ds)2  = li(dcK|)2  + 2Fda|d«2  + <>(d«2)2  ■ (2.3.3) 

Fquutlon  (2,3.3)  is  the  first  fundamental  form  of  a surface,  and  tills  will  be  very  useful 
through  the  whole  process  of  map  projection.  The  first  fundamental  form  will  now  In- 
applied  to  linear  measure  on  any  surface. 

Arc  length  can  he  found  Immediately  from  the  Integration  of  (2.3.3).  The  distance  be- 
tween two  arbitrary  points  P(  and  P2  on  the  surface  is  given  by 


i 


* 1* 


= f >/l.'(doi|)J  + 2Fda|ila2  + GUlc^ 

JP| 


(2.3.4) 


Equation  (2,3.4)  Is  useful  us  soon  as  daj/dofi  Is  defined,  and  will  be  used  In  Chupter  3 for 
distance  along  the  spheroid, 

Angles  between  two  unit  tangents  aj  and  82  on  the  surface  cun  be  found  by  taking  the 
dot  product  of  (2,2.2)  and  (2.2,3)  and  applying  (2.3.2), 


„ >1  «2 
M’°  ■ isn  ■ i5T 


sin  0 a l - cos2  0 


1 EC. 


Define 


and  substitute  (2,3.8)  into  (2.3.7). 


'EC  - F2 
EG 


I I = EG  - I’2 


sinO  = 


Tito  normal  to  the  surface  at  point  1*  is 


8|  X 82 

iaT X a2| 


(2.3,5) 


(2.3, ft) 


(2,3.7) 


(2.3,8) 


(2.3, ft) 


B|  X 82 
faj  II  a2 1 sin  0 ' 


(2.3,10) 


Substitute  (2.3.2)  anti  (2,3.8)  into  (2.3.9), 


8|  X a2  _ 

V*  >/G  & 

8|  X <2 
VTT  ‘ 


(2,3,11) 


Incremental  urea  cun  be  obtained  by  a consideration  of  Incremental  distance  along  the 
parumetrlc  curves.  Along  the  oj  -curve,  and  the  o*i  -curve,  respectively, 


The  urea  Is 


ds)  = d®i 
dsi  = \/G  dc«2 

dA  « dsi  dsj  sin  0 


(2.3,12) 


s/WTi  do  i d«2  sin0  . 


(2.3,13) 


Substitute  (2.3.8)  Into  (2.3. 13) 


dA  =»  >/EC  y/jfjii  doi  dQ2 
■ v/TT  da|da2  , 


(2.3.14) 


Thus,  the  first  fundamental  form  has  given  u means  to  derive  the  arc  length,  the  unit  normal 
to  the  surface  ut  every  point,  and  Incremental  urea.  In  conjunction  with  the  second  funda- 
mental form  of  the  next  section,  It  will  be  useful  In  determining  the  rudll  of  curvuture  of 
the  surface, 


As  will  be  shown  in  Chapter  3,  the  first  fundamental  form  for  the  sphere  Is 


and  for  the  spheroid,  It  is 


(ds)2  = uJ(d0)J  + u2cos20(dX)2 


(ds)2  - Rj,(d 0)2  + R2  cos20(dX)2  . 


(2,3.15) 


(2.3.16) 


When  the  chosen  parameters  are  such  as  to  ensure  that  the  parametric  curves  ure 
orthogonal  to  each  other,  a simplification  of  the  first  fundamental  form  occurs.  When 
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orthogonality  is  present,  from  (2.3.2),  a,  and  a2  ure  perpendicular,  and  F = 0.  The  first 
fundamental  form  is  then 


(ds)2  « F(dai  )2  + ()(dcv2 )2  . 


(2.3,17) 


2.4  Tlie  Second  Fundamental  Form  1 1 0 1 

Tlie  second  fundamental  form  provides  n way  to  evaluate  principal  directions  and 
curvatures  of  the  surface.  We  will  deal  with  normul  sections  through  the  surface,  and  derive 
formulas  for  the  curvature  of  a normal  section.  A normal  section  implies  that  the  normal 
to  tlie  parametric  curve  and  tlie  surface  coincide. 

We  begin  with  a formula  for  curvature.  For  the  purumetric  curve,  take  the  dot  product 
of  h with  (2.1.5). 


* 


4k 

n 


. • A 

-kn  • n 


<=  -k. 


Substitute  the  derivative  of  (2.1.2)  InkM 2.4.1 ). 


Since  t and  h arc  orthogonal, 


Substitute  (2.1,2)  into  (2.4.3), 


t • h « 0 


dr 

ds 


• n - 0 . 


Take  the  derivative  of  (2.4,4). 

d /dr  . \ n 

ds  U ' 'V  = 0 


= i!lr  . r,  + ill  . dn 

,|;|2  " ^ dS  ds 

dr  _ du  __  d2  r t „ 

ds  ds  ~ (js2  ’ 11  ' 


(2.4.1) 


(2,4,2) 


(2.4,3) 


(2,4,4) 


(2,4,5) 


Substitute  (2,4.2)  into  (2,4.5). 


From  the  total  differential. 


dr  , dn 
ds  ds 


>"  - to,  t,“' + toa  d“J 

d"  * bit,  + lit,  d°-  • 


(2,4,6) 


Substitute  (2.4,7)  and  (2.4.8)  Into  (2,4.6). 


da,  + “ da2j  • ‘l«i  + 3aj 


Substitute  (2.2,2),  (2.2.3),  and  (2.3.3)  Into  (2,4,9). 

k = U(da,)2  + 2Fda,dfti  + G(dcvj)1 

The  second  fundamental  form  is  defined  as 

•1  ■ H + • tai 

+(*  • H + • It) 


— ^ da,  dtxj 
ai  / 


Thus  (2,4. 1 Oils 


_ Second  fundamental  I'oj'ni 
k First  fundamental  form 


It  remains  to  dctlnc  the  coefficients  of  the  differentials  In  the  second  fundamental 
form.  From  the  definitions  of  the  tangent  and  normal  vectors 

„ « Dr 

n • a,  = n • r— 


(2,4,12) 
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Take  the  derivative  of  (2,4, 1 2) 


4(r’ 


iL 

5a  | 


= 0 


ii  . iL  + ft  . Jit-  = o . 

5«j  5«|  3«|  3ttj 

By  definition,  the  second  fundamental  quantities  are 

. _ dn  3r 

IJ  5a  j 3a  i 


Substitute  (2,4,14)  into  (2.4.13), 


by  “ -ft  ‘ 


3*r 
da i 3a j 


Substitute  (2.3,9)  Into  (2,4. 1 5), 


■ i X . 32r 

v^FT  3a  1 3a  j 


Define 


= ” v/TT  (daiftaj  X "')  * 


3J  x 

3“y  n1/. 

flat  3a  | 

3cv  i 3 cv  | 3a|3a 

1 

3x 

M. 

VTT 

3a  | 

3a  | 

3a  | 

3x 

3y 

3/ 

3a  i 

3aj  3a  2 

1, 

= I’ll 

N 

M 

“ bu  - 

bn 

> . 

N 

= bji 

J 

t 


(2,4,13) 


(2.4,14) 


(2.4.15) 


(2,4.10) 


(2,4,17) 


Substitute  (2.4, 17)  into  (2,4,1 0). 
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L(dai)2  + 2Mdat  da;  + N(da;)2 
li(doq)2  + ZFdaidaj  f G(da;)2 


(2.4.18) 


We  now  have  the  curvature  In  terms  of  the  first  and  second  fundamental  forms.  The 
next  step  will  be  to  muximize  (2,4. 18)  to  obtain  the  principal  directions.  Let  a;  - «;(a|) 
and  X a!  da;/dai , where  X is  an  unspecified  parametric  direction.  From(2.4, 18) 


«♦”(&)  ♦«($)’ 

L + 2MX  + NX3  t 

v.  + 2 i'x  + ax2  ‘ 


(2,4.19) 


To  find  the  directions  for  which  k is  an  extremum,  take  the  derivative  of  (2.4,19)  with 
respect  to  X,  and  set  this  equal  to  zero. 

dk  B (2M  + 2NX)  _ (L  + 2MX  + NX2 )(2 lv  + GX) 
dX  = (.  I!  + 2 FX  + GX2 ) ( h + 2 FX  + GX2  )2 

= 0 (2,4.20) 

Substitute  (2.4,19)  Into  (2.4.20). 

ilk  „ (>M  2 NX)  _ k(2F  f 2GX) 

l,X  (F  + 2FX  + GX2)  (F  + 2FX  + GX2) 


= 0. 

Since  the  denominator  will  never  be  zero. 

2M  + 2NX  - k(2l-  + 2GX)  * 0 

. _ M + NX 
K “ F + (IX  ' 


(2,4,21) 


Write  (2.4.19)  as 


. (I.  + MX)  + X(M  + NX) 

k 7F  + FX)  + X(F  + (IX) 

k|(F  + FX)  + X(F  l GX)|  = (l.  + MX)  + X(M  + NX).  (2,4,22) 

Substitute  (2,4,2 1 ) into  (2.4,22). 
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k[(E  + FX)  + (F  + GX)X|  = (L  + MX)  + X(F  + C.X)k 
k(E  + FX)  - L + MX 


, 3 _L_+_MX 
K B + F\ 


(2,4.23) 


Cross  multiply  (2,4.21)  unci  (2.4.23)  to  I'orm  u quadratic  In  X which  will  yield  the  principal 
directions. 


(L  + MX)(F  + CiX)  - (M  + NX)(B  + FX) 

LF  + FMX  + G LX  + MGX3  = MB  + MFX  + HEX  + NFX2 

X2(MG-NF)  + (LG-NE)X  + (LF-ME)  ■ 0.  (2.4.24) 


The  solutions  to  (2.4,24)  are 


h)  -(LG-NE)  ± yfui-NE)1  - 4{M()  -MF)(LF-  ME) 
Xt 


2 (MG  - MF) 


(2.4.25) 


Apply  the  theory  of  equations  for  a quadratic  to  (2,4,24), 


X|  + Xj  - - 


(LG-NE) 

(MG-NF) 


(2.4.26) 


X|X: 


(LF-MF) 

(MG-NF)' 


The  two  principal  directions  will  now  be  shown  to  be  orthogonal.  Let 


(2.4.27) 


(2.4.2H) 

(2.4.29) 


Let  0 be  the  angle  between  these  two  directions,  and  let  dr  and  fir  Ire  infinitesimal  vectors 
along  X)  and  Xj.  The  cosine  of  the  angle  between  the  vectors  Is 


cos  0 


dr  fiL 

Idrl  Ifirl 


dr  . fir. 
ds  fis ' 


(2.4.30) 


The  total  differential  can  be  developed 
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i * 

| 

n 

1 1 

1 1 


f ! 


. ~ da, 
S,  - ^ Sc, 

Substitute  (2.4,31)  and  (2.4.32)  into  (2,4,30). 


cost 


, fir  . 

+ it;  *•> 

(2.4,31) 

, fir  . 

+ a%  5“!  • 

(2.4,32) 

Jl  . it) 

fift|  fia2/ 

daj  fia2 

(Jl  . it' 

\fia2  8«2 , 

)da25a2]  X ^ 

(2.4.33) 

Substitute  (2.3,2)  into  (2,4.33). 

cos0  * [Edol|6ai  + F(doqfia2  + d«2fiai)  + Gda26o2] 


jml.  M JL  fP  + pfSsa  + S«a\  + a (}&) /M , 

daifiai  dsfis  [h  \5«i  + d«i  ) L \Bo7/  \doq  /; 


Substitute  (2,4,28)  and  (2.4,29)  Into  (2.4.34), 
Substitute  (2,4,26)  und  (2,4.27)  into  (2,4.35). 


cost)  _ !_ 

6ai  daj  ds6s 


dsfis 


..  . R (LC.-NE)  ...  (LF-ME) 
ri  T **  MG  - NF  MG  - NF 


EMC  - ENF-  FIG  + HNF  + FLG  - I 
MG  - NF 


IMG  j .. 


(2.4,34) 


(2.4.35) 


Thus,  0 = 90°,  und  the  principal  directions  tire  orthogonal.  Since  the  principal  directions  tire 
orthogonul  we  can  choose  the  parumetric  curves  to  coincide  with  the  directions  of  principal 
curvature,  This  provides  uddltiomil  simplification. 


The  equations  of  the  lines  of  eurvuturc  are 

\\  = X2  = 0. 


(2.4.36) 


If  the  lines  of  principal  curvature  coincide  with  the  parametric  lines,  from  (2.4,36),  and 
(2.4.26) 
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MG  - NF  •=  0‘ 

LF  - MB  ■ 0 ’ 

From  orthogonality,  F = 0.  This  means  from  (2.4.37) 

M G <=  0 
M E “ 0 . 

For  utt  aetuul  surface,  neither  H nor  G cun  be  zero.  Thus  from  (2,4.38),  M = 0, 


(2.4.37) 


(2.4,38) 


Substitute  F “ M = 0 into  (2.4, 2 1 ) and  (2.4,23) 

k|  « | (2.4.39) 

k2  - §•  (2,4.40) 

t 

Equations  (2.4,39)  and  (2.4,40)  give  the  menus  of  obtaining  the  principal  curvature  of 
u surface  from  the  first  and  second  fundamental  quantities,  This  technique  will  he  applied 
to  the  surfuces  of  Interest  to  map  projection. 


2.5  Surfaces  of  Revolution  1 10|  . . 

Surfuces  of  revolution  are  formed  when  a space  curve  is  rotated  about  an  uxis.  Tile  two 
parameters  needed  to  do  line  u position  on  the  surface  of  revolution  will  be  z,  and  X.  Figure 
2.5.1  gives  the  geometry  for  the  development. 

Let  R0  “ Kn (/.).  The  position  of  the  point  P Is 

r = Ro  cosM  + Rosin  XT  + zk . (2.5.1) 


From  (2.2.2)  und  (2,2.3) 


■t 


Dz 


cos  XT  + 


3Ko 

()z" 


slnXJ  + k 


(2.5.2) 


t2  = **i<o  sin  XT  + rt0  cosXJ, 


(2.5,3) 


From  (2.3,10),  the  normal  to  the  surface  is 


fi 


fl|  X B: 
v/FG  - l;i 


(2.5,4) 


I 
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The  first  fundumentui  quantities  are,  from  (2.3.2) 


sin2  X +1  = 1 + 


- 9Ro  . _ , , 9R(>  , . _ . . 

F = — — cos  X Ro  sin  X + -r — sin  X Rq  cos  X = 0 
02  02 

G = R§  sin2  X + Rq  cos2  X 
= Rq 


8]  X 82  = 


I 


3Ro  , 9Ro  . , . 

-r—  cos  X ~r—  sin  X 1 

ot  oy, 


• Ro  sin  X Ro  cosX  0 
= -Ro  cos  XT  - Ro  sin  XJ 

+ (ro  cos2  X + Rq  sin2xj  k 

= -R0(cosXI  + sin  XJ  - t «y 

Substitute  (2,5.5),  (2.5.6),  (2.5.7),  and  (2.5.8)  into  (2.5.4), 

Ro  ^.'osXt  + sin  XJ  - kj 


n = - 


Ro  V I + 


G&) 


fl  Rq  . 

cos  XT  + sin  XJ  - *r~  k 
fly 

” TPS  ' 


(2.5.5) 

(2.5.6) 

(2.5.7) 


(2.5.8) 


(2,5,9) 
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— sin  X cos  X + sin  X cos  X] 
9z  9z 


cosXj 


1 + 


- 0 


(2.5.11) 


N = - 


92r 


9XJ 

-(-  Ro  cos  Xt  - Ry  sin  XJ) 
9R 


^eosXt  + slnXJ  - 

vTM 


Ro  cos2  X + Rp  sin2  X 


N = 


Ro 


(2,5.12) 


To  ohtilin  the  curvature,  substitute  (2.5.5).  (2.5,7),  (2.5.10)  uml  (2.5. 12)  into  (2.4.30) 
anil  (2.4.40). 


M'  Ro 


()/, 1 


• * (t 


2 


(2.5.13) 


Note  that  this  is  comparable  to  ( 2. 1 .34 ). 
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From  Figure  2.5,2,  we  can  find  the  relations  In  the  meridian  plune. 

cos  a ^ • 


Substitute  (2.5.2)  und  (2.5.5)  into  (2.5.15) 

@ + x “nM  + *) 

COS  <f)  63  " — jr 


From  the  figure 


* COS0  ’ 

fill  minuting  cos  0 between  (2.5.16)  und  (2.5.17) 

Rj . Ho/T7(f-’) 

R2  Is  the  second  rudius  of  curvature,  und  is  the  inverse  ol  (2.5, 14). 


(2.5.14) 


(2.5.15) 


(2.5.16) 


(2.5.17) 


(2,5.18) 


tiiiifriiiBiiiiifliiini  m lim 


46 


2,6  Developable  Surfaces  1 10] 

It  was  mentioned  in  Chupter  l that  there  are  two  types  of  surfaces  of  interest  to  map 
projections;  developable  and  non-developable.  One  way  to  make  the  distinction  between 
the  two  is  to  consider  the  principal  radii  of  curvature.  Non-developable  surfaces  huve  two 
Unite  rudil  of  curvature,  Developuble  surfaces  have  one  Unite  and  one  infinite  radius  of 
curvature,  This  section  will  expund  on  the  differences  between  the  two  types  of  surfaces, 
Tills  section  will  consider  the  two  developable  of  surfaces  of  interest  to  mapping,  the  cone 
and  cylinder,  and  the  non-developable  surface  the  sphere, 

The  surfaces  which  ure  envelopes  of  one-parameter  families  of  planes  are  called  devel- 
opable surfaces,  Every  cone  or  cylinder  is  an  envelope  of  u one-parameter  family  of  tangent 
planes.  Moreover,  every  tangent  plane  has  a contact  with  the  surface  along  a straight  line. 
Consequently,  u developable  surface  is  swept  out  by  a family  of  rectilinear  generators. 

it  will  be  necessary  to  consider  the  tangent  planes  for  cones,  cylinders,  und  spheres, 
and  note  their  characteristics. 


For  the  cone,  consider  arbitrary  parameters  u and  v,  Let  the  origin  of  the  coordinate 
system  be  ut  the  vertex  of  the  cone.  The  parametric  equation  of  the  cone  is 


r = vq(u) . 

(2.6,1) 

From  (2.2,2)  and  (2.2,3) 

«i  * vi|UO 

(2,6,2) 

a2  = q(u)  • 

(2.6.3) 

Take  the  cross  product  of  (2.6.2)  and  (2.6,3). 

ai  X aa  = vq(u)  X q(u) . 

(2,6.4) 

lfq(u)  mul  d|(u)  are  not  collincar,  the  point  (u.  v)  is  regular,  and  the  tangent  plane  lias  the 
equation,  after  the  substitution  of  ( 2.6, ! ) ami  (2.6.4) 


|r  - vq(u)|  • vq(u)  X quo  ■■=  0 

r - qUO  X q(u)  = 0 , (2.6.5) 

Thus,  ( 2.6.5)  depends  only  on  u,  and  the  family  of  tangent  planes  Is  a one-parameter  family. 
For  a cylinder  with  elements  parallel  to  a constant  vector  c,  the  parametric  equation  Is 

r - quo  + vo  , (2.6. (>) 

Applying  (2.2.2)  ami  (2,2,3)  to  (2.2.6), 
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(2.6.7) 

(2.6.8) 


•2*0. 

Taking  the  cross  product  of  (2.6.7)  and  (2.6,8) 

H X ij  ■ q(u)  X o. 

From  (2.6.6)  and  (2.6.9),  the  equation  of  the  tangent  plane  is 

[r  - q(u)  - vo)  • q(u)  X c * 0 
r ♦ q(u)  X o ■ q(u)  • i|(u)  X o . 
Again,  (2,6.10)  depends  only  on  the  parameter  u. 


(2.6.9) 


(2.6.10) 


A different  situation  occur  when  a non-developable  surface  such  as  the  sphere  Is 
considered.  Let  the  two  parameters  be  0 and  X.  The  equation  of  the  surface  is 


r * a (cos  X cos  0f  + sin  X cos  0J  + sin  0it) . 
Using  (2.2.2)  and  (2.2.3), 

•i  « a (-cos  X sin  01-  sin  X sin  0J  + cos  0k) . 
•2  ■ a (— aln  X cos0t  + cosXsln0J) 

Taking  the  cross  product  of  (2.6, 12)  and  (2.6.13) 


(2.6.11) 


(2.6.12) 

(2.6.13) 


ii  X i]  > a1  -cos  X sin  -sin  X cos  0 cos0 

-sin  X cos  0 cos  X cos  0 0 

= a2  (-cos  X cos2  <)> ! - sin  X cos2  0j 
—It  (cos2  X sin  d cos  0 + sin2  X sind  cos0)| 

* -*u2  [cos X cos2 01  + sin  X cos2  0)  + cos  0 sin  pit)  , 
From  (2.6.1 1)  and  (2,6,14),  the  tangent  plane  to  the  sphere  has  the  equation 
[r  - u(cosX  cos0T  + slnX  cos0j  + sin 0&)) 

• 1"«2  (cos  X cos2  01  + sin  X cos2  0J  + cos  0 sin  0ft  1 ” 0, 


(2.6,14) 


(2.6.15) 


liquation  (2,6.15)  depends  on  two  parameters,  and  thus,  the  sphere  is  u non-developable 
surface. 
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2.7  Transformation  Mntrlx  |20| , 1 19) 

A transformation  matrix  will  be  derived  which  will  permit  the  transformation  from 
positions  on  the  earth  to  places  on  the  map.  This  will  entail  relating  the  fundamental  quan- 
tities of  the  earth  and  the  plotting  surfaces  by  means  of  a Jacobian  determinant. 

Consider  the  earth  surface,  with  parametric  curves  on  It  defined  by  0 and  X.  The 
fundamental  quantities  will  be  defined  as  e,  f,  and  g.  The  coordinates  of  point  P on  the 
earth,  as  in  Figure  2,7.1,  are  given  functionally  as 


x = x(0,  X)' 
y * y (0,  X)  > 
/ = /(d>,  X)  _ 


(2.7.1) 


Consider  next  an  arbitrary  projection  surface,  with  parametric  curves  defined  by  the 
parameters  u and  v,  with  the  fundamental  quantities  it'.  F\  and  Cl'.  The  position  of  the 
point  P'  on  the  plotting  surface  in  Figure  2.7,2  Is  given  functionally  by 


X « X(u,  v) 
Y « Y(u,v) 
Z ~ Z(u,  v) 


(2,7.2) 


The  parametric  curves  on  the  eartli  are  related  to  those  on  the  projection  surface 

u - u(0,  X) 

v = v(0,  X) , (2.7,5) 

For  the  earth,  and  for  any  plotting  surface,  only  two  conditions  are  to  he  satisfied,  The 
projection  must  be  ( I)  unique,  and  (2)  reversible.  A point  on  the  earth  must  correspond  to 
only  one  point  on  the  map,  and  vice  versa.  This  requires  that 

0 = 0(U,  v)' 

(2.7,4) 

X Xtu,  v), 

Substituting  ( 2.7,5)  into  ( 2.7,2) 

X X|  u(0,  X),  v(0.  X)| 

Y ■ Y|u(0,  X),  vt 0,  M| 

/.  /|iK0,  M,  vt 0.  X 1 1 . (2,7,5) 


In  tills  form,  (lie  surface  will  have  the  fundamental  quantities  F,  F,  and  < I 


Differentiate  (2,7.5)  with  respect  to  0,  and  X. 


M - M <>i!  + 2*  §il 

30  “ Du  90  3v  90 

92k  - <L2i  Hii  + s&  Si 
3X  Du  DX  9v  DX 

9Y  a DY  9 u + 9Y  Dv 

30  “ 3 u 90  9v  90 

BY  B 9Y  9ii  + BY  9v 

DX  9u  9X  9v  9X 

9Z,  B 9Z  ill.  + BZ.  9v. 

30  3u  90  9v  90 

BZ  _ 3Z  9u  . £Z  9v 

3X  " 3u  9X  9v  9X 


From  Section  2,3 


DX  DX  3Y  BY  + 9Z  9Z 

90  9X  90  9X  90  9X 


Substitute  (2.7,0)  into  (2,7,7) 

/ax  9ii\2  4 1 «]x  Du  ax  9v  4 /9X  9v\J 
1 “ \9u  90/  “ 9u  90  Dv  90  \Dv  30/ 

2 

,/9Y  (}u \2  , BY  Du  DX  Dv  + /BY  jjv\ 

\3u  30/  " Du  30  Dv  D0  \Dv  90/ 

2 

/<)/,  9u\2  , 9 Z Du  DZ  Dv  + /9Z  Dv\ 

+ V 3u  30/  ~ Du  30  Dv  90  \Dv  30/ 


(2.7.7) 


(2.7.8) 

Continued 
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r = fax  §m\J  x 2 3u  3X  9v  /ax  9v\2 
\8u  ax/  au  ax  av  ax  \av  ax/ 

/3Y  9 5Y  8u  3Y  3v  /3Y  dvf 

\3u  ax/  3u  ax  3v  ax  lav  ax/ 

. /»S  au\2  + 5 §2  au  az  av  , faz  av\2 

lau  ax/  14  au  ax  av  ax  \av  ax/ 

P „ /ax'?  3u  3u  x §X  /au  3v  . 3u  3v\  , /0X\2  Ov  3v 

\3u/  30  DX  3u  3v  \30  8X  3X  30/  \3v/  30  3X 


/3Y\  au  au 
\9u/  30  ax 


Also,  from  Section  2.3 


3V\  3v  3v 


a v/  30  ax 


ay  ay  / au  av  + au  av\ 
au  av  \30  ax  ax  a 0/ 

J az\l  au  au  , az  az  fail  av  , au  av\  . av  a v 
v au/  30  ax  au  3v  1,30  ax  ax  30/  la v/  30  ax 


E' 


fax\2  . /av\2  , faz\2 

lau/  \3u/  lau/ 


Max  + 3YaY  + azaz 
3u  3v  3u  3v  3u  3v 


«•  ■ (ft  * (ft  * (ft 


Substitute  (2.7.9)  into  (2,7.8). 


H . F»  + -»  SlL  ®v  r 1 + fait  o' 

\ 30/  30  30  vW 

l'-(j£  B-  +(22.  | F-  + ( 

\o0  ax/  \30  ox  ax  a 0/  \ 


3v  Oy 
00  OX 


Cl' 


(2.7.8) 


(2,7,9) 


G 


Oil  Ov  r , I 

M h * 1 3X»  1 *«)  *'  ' 


(2.7,10) 


Equation  (2,9,10)  may  be  written  in  mutrlx  notation  as 


-MBPItll1"." ^ — 


-“•“"i  tliiiiiit  '1i  1 ■ ^4^ 


ss 


r 2 

'3u\ 

M 


, 3u  3v 
30  30 


011,311  Su  3v  . <3  Vi  dv  3v  3v 

30  3X  30  3X  3X  30  30  3X 


. 3u  3v 

2 ax, ax 


Hi 

F' 

G' 


(2,7.11) 


The  transformation  matrix  In  (2.7,1 1)  Is  the  fundamental  mutrix  for  mapping  transformations, 
To  facilitate  the  derivations  of  Chapters  4,  5,  and  6,  It  will  be  useful  to  develop  the 


term 


From  (2.7,10) 


H ■ 


3u 

IA3* 


H = EG  - FJ , 


* i j **  3u  3v  . , i i /3v\  > 

h + 2 30  30  1 + (30j  ° 


(2.7.12) 


*■ + 2 1 ! + (I) «' 


r . . ,3 

3u'  3u  . (3u  3v  . ou  3v  \ ,,,  . Ov  3v  ,,i 
.30  3X  \ 30  3X  3X  30  / 30  3X  ' . 


30  30  \3X 


3X  3X  \3 0/ 


+ 4 ilii  ,1,^2  , -1  3u  3v  /3v\  ,.,ri 

30  30  3X  3X  “ 3X  3X  \30/  1 

2 v2  2 

,/3u\  / 3v\  , , 3u  3v  /3v\ 

+ (w  \3X/  '■  (|  + ‘ 30  30  \3X/  ' (l 


- /du  3v  , flu  3v\  3u  3u  ..iri 


90  9X  9X  90/  90  9X 


. 3^i  Su  9y  3v  ,7iri  ^iL  , 3u  3v\  ,,:^2 
‘ 30  3X  30  8X  \30  3X  3x  30/  ir  ’ 


_/3v  / r /x2  + /3ji  3v  . Ou_  3v\  3v  3v  pi 

\90  ax/  ' ~ W ax  ax  30/  30  ax 

p.iri  [/3u  3v\2  , /3v  3uf  - / du  3v  3v  3u\ 

[\30  3X/  \30  3X/  ' \30  3X  30  3X  /. 

2 

, , 3ii  3u  3v  3v  /a»  3v  , 3u  3v\  ,ri.2 

[ 30  3X  30  8X  \30  3X  3X  30/  1 J 


E'Ci'ffe  +(^  &)  - 2 (f 

,\30  3X/  \30  3 X/  \0<; 

2 

+fp.K2  4 3ji  3u  3v  3v  /3u  3v\ 

1 J [ 30  3X  30  30  \30  9X/ 


_/3u  3y\  _ 3u  j3u  3v_  3_v 
\3X  30/  “ 3 0 3X  30  3X 


3u  3v  3v  3u 
30  3X  30  3X 


3v  3u 
30  3X, 


x [(g  !)’ + (i 


/3u  3v  3v  3u 
\30  3X  30  3X 


Wi  - ,;J  - (1  Is 


3»  rHl^ 

1 1-:'  i-'l  30  ax 


i)v  3u 
30  3X 


F CVj  3v  3v 
30  3X 


The  determinant 
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flu 

i)u 

i)0 

3X 

Bv 

Bv 

30 

flX 

is  the  Jacobean  determinant  of  the  transformation  from  (0,  X)  to  (u,  v). 


2.8  Conditions  for  E(|iiul  Area  and  Conformal  Projections  |6] , [10] 

The  first  fundamental  form  and  the  fundamental  quantities  are  used  to  define  the  con- 
ditions for  equal  area  and  conformal  projections.  Tills  can  be  done  in  u general  munner.  For 
the  conventional  projections,  each  case  has  Its  own  requirements,  and  no  general  relations 
can  be  defined. 

An  equul  area  map  Is  one  In  which  the  areas  of  domains  are  preserved  us  they  are  trans- 
formed from  the  earth  to  the  map.  A theorem  of  differential  geometry  requires  that  u 
mapping  from  the  earth  to  the  plotting  surface  Is  locally  equal  area  if,  and  only  If, 

eg  - f2  = H(i  - F2 . (2.8.1) 

The  relation  (2.8. 1 ) is  substituted  Into  < 2.7, 1 3)  to  obtain  the  equal  areu  transformation, 
This  Is  done  In  Chapter  4 to  transform  from  the  earth  to  the  cylinder,  plane  and  cone, 

A mapping  of  the  surface  of  the  earth  onto  the  plane,  or  a developable  surface  Is  called 
conformal  (or  Isogonal)  if  it  preserves  the  angle  between  intersecting  curves  on  the  surface, 
From  a theorem  of  differential  geometry,  a mapping  Is  called  conformal  If,  and  only  if,  the 
first  fundamental  forms  of  the  earth  ami  the  mapping  surface,  in  compatible  coordinates, 
are  proportional  at  every  point,  This  requires  that 


In  the  symbols  of  the  previous  section. 

The  transformations  of  Chapter  5 will  apply  these  relations  between  the  earth,  and  the 
plane,  cylinder,  and  cone. 


2,9  Convergeney  of  (he  Meridians  (7| 

As  one  goes  pole-ward  from  the  equator  on  the  earth,  the  meridians  converge,  until,  at 
the  pole,  ail  meridians  intersect.  T his  section  will  give  an  estimate  of  the  degree  of  this  eon- 
vcrgency  as  a function  of  latitude.  Both  angular  and  linear  convergeney  will  be  considered. 
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In  Figure  2.9,1,  ACN  and  BDN  are  two  meridians  separated  by  a longitude  difference 
of  AX.  Let  CD  be  an  are  of  the  circle  of  latitude  0,  Let  the  earth  be  considered  as  spherical. 


From  the  figure, 


CD  * CO' AX 
DN  - •“  ■ 

Sill  0 


Approximately,  the  angle  of  convergeney  is 


(2.9,1) 


(2.9.2) 


o = m 


(2.9.3) 


Substituting  (2.9,1)  and  (2.9.2)  into  (2.9,3),  and  noting  that  CO'  = DO' 

0 - AX  sin  <t> . 


(2.9.4) 


Let  the  distance  between  the  meridians,  meusurcd  along  a parallel  of  latitude,  be  d,  and  let 
the  radius  of  the  earth  be  a.  From  the  figure 


a cos  <(> 


(2.9,5) 


Substitute  (2.9.5)  Into  (2.9,4) 


d sin 
a cos  <(> 


d tan  <t> 


( 2,9,(i) 


The  next  step  is  to  obtain  the  linear  convergeney,  From  Figure  2,9,2,  let  V be  the 
length  of  the  meridian  between  two  parallels  0 \ and  . Let  0 be  the  mean  angular  con- 
vergeney at  a meun  latitude 


0 I + 02 


(2,9,7) 


The  mean  distance,  at  the  mean  latitude,  is  d.  Define  the  linear  convergeney  of  the  two 
meridians  to  be  e.  Then,  as  an  approximation, 


Substitute  (2.9,(,)  into  (2.9.8). 


0 = e/V  . 


_ _d  • (i  tan  0 


(2.9.U) 
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2.10  Rotation  of  the  Coordinate  System  [20] 

A rotution  of  the  coordinate  system  cun  be  defined  to  conveniently  obtain  oblique, 
transverse,  and  equutoriul  projections  from  polar  projections.  This  can  be  conveniently  done 
by  applying  formulas  of  spherical  trigonometry,  Tite  spherical  trigonometry  approach  is 
justified,  since  in  Chupters  4 and  5,  it  will  be  shown  that  an  intermediate  transformation  can 
be  performed  for  the  equal  area  and  conformal  projections  which  transforms  from  positions 
on  the  earth  to  the  uuthallc  or  conformal  sphere,  respectively,  Once  this  is  done,  the  rota- 
tion formulas  for  the  sphere  can  be  applied  directly,  Also,  the  conventional  projections  of 
Chapter  6 lire  based  on  a spherical  earth  for  the  majority  of  their  practical  applications, 

Figure  2.10.1  provides  the  busic  geometry  for  the  rotational  transformation.  Let  Q be 
any  arbitrary  point  with  coordinates  0 and  X on  the  earth.  Let  P be  the  pole  of  the  auxiliary 
spherical  coordinate  system.  In  the  standard  equatorial  coordinate  system,  1J  has  the  coordi- 
nates 0p  and  Xp.  Let  h be  the  latitude  of  Q In  the  auxiliary  system,  and  cv,  the  longitude  in 
that  same  system,  A reference  meridian  is  chosen  for  the  origin  of  measurement  of«, 

The  intention  Is  to  derive  the  projection  in  the  (h,  a)  system,  und  then  transform  to  the 
(0,  X)  system  for  the  plotting  of  the  coordinates. 

The  relations  between  the  angles  of  interest  cun  be  found  from  the  spherical  triangle 

PNQ, 


From  tire  law  of  cosines 

cos  (90°  - 0)  = cos  (90°  - 0p ) cos  (90°  - h) 

+sin  (90°  - 0p)  sin  (90°  - h)  cos  tv 
sin  0 -•  sin  0p  sin  It  + cos  0p  cosh  cos  cv , 


From  the  luw  of  sines 


(2.10.1) 


Sill  (X  ~ Xp)  )}jp  (y 

s^FkFHi)  ' sin  (90 5'»0) 


sin  (X  - X,,)  ~ 


sin  tv  cos  1 1 
COS  0 


Also,  applying  the  four  parts  formula 

cos  (90°  - 0p)  cos  tv  -•  sin  (9()u  - 0,,)  cot  (90°  -•  li) 

-sin  cv  col  (X  - X,,) 

sin  0p  coscv  -■  cos0p  tan  It  simveot  (X  X ,, ) 
cos0,,  Ian  li  sin  0,,  cos  tv 


cot  (X  - X„  I 


Sill  IV 


(2.10,2) 


(2.IO,  .h 
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The  inverse  relationships  are  also  of  use.  From  the  law  of  cosines 
cos  (90°  - h)  - cos  (90s  - 0)  cos  (90s  - 0p) 

+ sin  (90°  - 0)  sin  (90°  - 0p)  cos  (X  - Xp) 
sin  h = sln0sln0p  + eos0  cos0p  cos  (X  - Xp) , 
From  the  four  parts  formula 

cos  (90s  - 0 p)  cos  (X  - Xp)  = sin  (90°  - 0p ) cot  (90°  - 0) 

-sin  (X  - Xp)  cot  cr 

sin  0p  cos(X-Xp)  =>  cos  i^p  tan  0 - sln(X-Xp)cotcv 
sin  (X  - Xp)  cot  a “ cos0p  tan  0 - sln0p  cos(X-Xp) 


tuna 


sin  (X  - Xp) 


cos0p  tan0  - sin0p  cos(X-Xp)' 


(2,10,4) 


(2,10.5) 


A final  useful  equation  is  needed  for  unique  quadrant  determination.  From  a consideration 
of  Figure  2,10,1 


cosivcosh  * sln0cos0t,  - cos0sln0p  cos(X-Xp).  (2,10,6) 

Having  possession  of  equations  (2,10.4),  (2,10,5),  and  (2,10,6),  we  cun  accomplish  any 
rotations  necessary  to  form  oblique,  transverse,  and  equatorial  projections  from  polar  and 
regular  projections.  These  will  he  required  in  some  of  the  projections  of  Chapters  4,  5,  and  6, 
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Chapter  3 

FIGURE  OF  THE  EARTH 


The  busle  geometrical  surface  tuken  us  the  model  of  the  earth  will  be  un  oblute  spheroid 
generated  by  revolving  an  ellipse  ubout  its  semi-minor  axis.  This  chapter  will  be  concerned 
with  the  geometry  of  the  spheroid,  und  the  reduction  to  the  sphere, 

The  figure  of  the  eiirth,  us  seen  by  the  cartographer,  is  far  less  complex  than  that  seen 
by  the  geodesist  or  the  astronomer.  For  his  busle  surface,  the  curtogrnpiier  may  ussumo  a 
single  best  spheroid,  und  project  thereon  positions  from  an  undulating  earth.  Then,  he  is 
free  to  begin  the  process  of  projecting  onto  u map.  The  geodesist  must  consider  a spheroid 
which  is  possibly  best  in  one  portion  of  the  world,  and  other  spheroids  which  are  best  in 
other  portions  of  the  world,  and  then  strain  to  patch  them  together  In  u coordinated  manner, 
The  astronomer,  dealing  with  the  dynamical  figure  of  the  earth,  must  consider  pear-shape 
and  undulations  to  obtuln  solutions  couched  In  tesseral  harmonics. 

The  cartographer  has  only  to  deal  with  the  geometrical  figure  of  the  earth,  and  can 
enjoy  Immense  simplifications.  To  facilitate  the  transformations  of  Chapters  4,  5,  and  (t,  It 
is  necessary  to  consider  the  geometry  of  the  ellipse  and  the  spheroid.  The  coordinate  system 
of  the  spheroid  will  be  Introduced,  Angles  and  distances  on  the  spheroid  will  be  considered, 
Then,  particular  constants  for  the  actual  size  and  shape  of  the  earth  will  be  given. 

Many  of  the  projections  in  Chapters  4,  5,  and  (i  will  be  based  on  an  Intermediate  trans- 
formation to  a sphere,  Thus,  It  Is  necessary  to  Investigate  the  further  simplifications  in 
coordinates,  angles  and  distances  on  a sphere. 

Finally,  the  figure  of  the  moon  is  developed.  In  the  Space  Age,  maps  of  the  moon  have 
been  required.  It  Is  fitting  to  give  a standard  reference  spheroid  for  the  moon. 


3. 1 Geometry  of  the  Ellipse  1 1(>| , 1 1 7 1 


The  ellipse  Is  the  generating  curve  which  produces  the  spheroid  of  revolution.  The 
nomenclature  of  the  ellipse  is  host  described  with  reference  to  Figure  3.1.1. 


The  semi-major  axis,  a,  Is  the  length  of  the  line  AO,  or  the  line  OH.  The  semi-minor 
axis,  h,  Is  the  length  of  the  line  DO,  or  the  line  CO.  The  equation  for  the  ellipse,  fora 
Cartesian  coordinate  system  with  origin  at  0.  is 


x 


a 


(3.1.1) 


M 


itfiinMfiiiiiiiriaiiiMI 


ftfi 


The  degree  of  departure  from  circularity  is  described  by  the  eccentricity,  e,  or  the 
flattening,  f.  The  eccentricity,  flattening,  semi-major  axis,  and  semi-minor  axis  are  related 
as  follows: 


2 * «2  - b2 
u* 

(1.1.2) 

r=;>-  h 
1 a 

(3,1.1) 

:2  = 2f  - f2  . 

(3.1,4) 

At  tills  point  we  shall  introduce  one  of  the  two  angular  coordinates  which  uniquely 
locate  a position  on  the  spheroid,  This  first  coordinate  is  the  latitude,  Two  types  of  latitude 
will  be  noted:  the  geodetic  and  the  geocentric,  The  relation  between  the  two  will  be  derived. 

The  geocentric  latitude  Is  the  angle  between  a vector  from  the  center  of  the  ellipse,  to 
a point  P,  on  the  ellipse,  and  the  semi-major  axis,  The  geodetic  latitude  is  the  angle  between 
a line  through  the  given  point,  normal  to  the  ellipse,  and  the  semi-major  axis,  This  nor- 
mal to  the  ellipse  is  the  line  defined  by  a surveyor’s  plumb  line  If  all  gravity  anomalies 
are  Ignored, 

Now,  consider  a polar  coordinate  system  with  the  origin  at  0.  The  geocentric  latitude, 
<t>\  is  *COP,  and  the  magnitude  of  the  vector  Is  r,  The  relation  between  the  ('artesian  and 
the  polar  coordinates  is 


x = a cos  0*  (.1.1.51 

z = h sin  0* . (1,1.6) 

liquations  (1,1.5)  and  (1,1,6)  can  he  combined  to  form 

f=£tttn*/.  (1.1,7) 

fS  u 

Substitute  (1.1.2)  into  (1, 1 .7), 

~ •■=  vrr~T!  tan  0' . <1.1, Hi 

Of  greater  interest  is  the  geodetic  latitude,  0.  T his  angle,  Al’QW,  defines  the  inclination 

of  line  Ql\  which  Is  normal  to  the  ellipse  at  point  I*. 


tan0  - ^ 


(1,l.‘>) 


67 


Taking  the  differential  of  (3.1.1) 

2x  dx  + 2z_dz  a 0 
u2  b2 

dx  „ u2  z 

az  t»2  x 

Substitute  (3.1.10)  into  (3,1.9). 

tun  <t>  * — — • 

v |)2  X 

Substitute  (3.1.7)  into  (3.1.1 1). 

tun*  - ~ tun 0' 

tun  0'  * ~ tun  0 . 

Substitute  (3, 1 .2)  Into  (3,1,12). 


(3.1.10) 


(3,1.11) 


(3.1.12) 


tan  0'  * yT"~  e2  tnn0.  (3.1.13) 

Tuble  3.1.1  gives  the  relation  between  geocentric  lutltude  nnd  geodetic  latitude  for  the 
WGS-72  spheroid,  which  will  be  discussed  In  Section  3.4, 

The  convention  for  measuring  geodetic  latitude  is  +0  in  the  northern  hemisphere,  and 
-0  in  the  southern  hemisphere. 


Table  3.1.1.  Geocentric  and  Qaodatlc  Latitude  (or 
the  WQS<72  Spheroid  (Degree*). 


Geodetic 

Qeocentrle 

Geocentric 

Goodetlc 

♦' 

* 

0.00 

0,0000 

0.00 

0,0000 

5,00 

4,9833 

5.00 

5.0107 

10.00 

9. 8072 

10.00 

10,0330 

15.00 

14,9520 

16.00 

16.0482 

20.00 

19.9383 

20.00 

20.0619 

2B.00 

24,9284 

25,00 

2B.073B 

30.00 

29.8188 

30.00 

30.0834 

35.00 

34.9097 

36.00 

36.0905 

40.00 

39.9053 

40,00 

40.0948 

45.00 

44,9038 

46,00 

45,0902 

60.00 

49,9053 

50,00 

50,0947 

66.00 

54,9096 

55,00 

56.0904 

00.00 

50,0107 

80,00 

60,0833 

05,00 

64,9203 

05,00 

06,0737 

70.00 

69,9381 

70,00 

70,0018 

76,00 

74,9519 

76.00 

76,0481 

00,00 

70,9071 

80,00 

80,0329 

85.00 

84,9833 

85,00 

85,0107 

00,  OC 

eo.ooon 

90,00 

90,0000 

I 
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3.2  Geometry  of  the  Spheroid  |23| 

The  spheroid,  which  is  taken  as  the  model  of  the  earth,  is  obtained  by  revolving  the 
ellipse  of  Figure  3,1,1  about  the  7,-uxis.  For  the  Cartesian  coordinate  system  shown  in 
Figure  3.2,1 , the  equation  of  the  spheroidal  surface  is 


— ■ + — - 
it2  b* 


(3,2,1) 


The  nomenclature  of  the  spheroid  can  be  obtained  by  studying  Figure  3.2.1,  Each  of 
tire  In  Unity  of  positions  of  the  ellipse  us  It  is  rotated  about  the  z*nxls  defines  a meridional 
ellipse,  or  meridian,  The  angle  X,  measured  in  the  x-y  plane,  and  from  the  x-uxis,  Is  the 
longitude  of  any  and  all  points  on  the  merldlanal  ellipse,  This  is  the  second  of  the  two 
angular  coordinates  which  uniquely  define  a position  on  the  spheroid.  As  u convention,  u 
rotation  from  +x  to  +y  will  be  positive,  and  the  reverse  rotation,  negative, 

Consider  the  point  1*  in  figure  3,2,1  to  be  defined  by  <t>  und  X,  Suppose  now  that  X Is 
ullowcd  to  vary,  while  </>  is  held  constant.  The  locus  on  the  spherolu  traced  out  by  P Is  a 
circle  of  parallel  of  radius  R.  The  circle  of  parallel  for  a latitude  of  zero  is  the  equator. 

It  remuins  to  derive  the  equations  for  several  radii  of  Importance  In  future  develop- 
ments. These  ure  the  two  principle  radii  of  curvature,  and  the  radius  of  a parallel  circle,  all 
us  u function  of  latitude, 

Consider  the  morldhmul  ellipse  at  any  arbitrary  X.  From  (3,2,1) 


*L  + -d«  i 

a2  b* 

where  R„  » -Jx1 + y 2 is  the  radius  of  a parallel  circle, 


(3,2.2) 


Substitute  (3. 1,2)  into  (3.2,2), 


Kn  + /.2 

a’  a2 ( I - e2 ) 


U,2(  I - c2 ) + /. 2 = a 2 ( I - e2  ] 


(3,2,3) 


lake  the  differential  of  (3.2,3)  to  obtain  the  slope  of  the  tangent  at  I*. 


2U„  dR„tl  - e- ) + 2/  d/.  - 0 


~ (I  " eJ ) , 


(3.2,4) 
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The  slope  of  the  normal  nt  P is  again 


dRb  _ ■/. 


From  Figure  3.2, 1 


to  R0  ( 1 - e2) 
z = R0  ( 1 -■  c2)  tan  0 


am  y*  ' — ~~ 

(1  - e2)0T 

•/.  = 0P(1  - e2 ) sin  0 , 


Substitute  (3.2,5)  into  (3.2.3) 


(3.2.5) 


(3.2.6) 


Rg (1  — e2 ) + Rjfl-e2)2  tun20  = a2 ( 1 — e2 ) 
R2  + Rg  ( 1 -e2)  tan20  = a2 


(cos2  0 + sln20)R2  - e2R2slti20  = u2eos20 


Rjj(1  - e2  sin2  0)  = u2  cos2  0 


a cos  0 


v/l  - c2  sin2  0 


(3.2.7) 


Also,  from  Figure  3.2.1 


Urinating  (3.2.7)  ami  (3.2.6) 


R,i  = (]T<  cos  0 , 


or  cos  0 


a cos  0 

r v , ■ 

I •-  o- sin- 0 


(3.2.8) 


>/l c2  sin2  0 

(JT  is  the  radius  of  curvature  of  Hie  spheroid  in  the  plane  perpendicular  to  the  mcridianal 
plane,  and  will  be  denoted  as  Kp. 
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'1  - e1  sin1 0 


(3.2.9) 


The  radius  of  curvature  of  the  meridiuna!  ellipse  follows  from  the  formula  for  a plane 
curve  (2.1.35). 


Rw  - 


[■  * tatf 


(3.2,10) 


Front  (3,2.4) 


- -T  ( 1 “ t’2 ) +-r  (I  -c2)  ,7§ 


Substituting  (3.2,4)  into  (3.2, 1 0) 


(3,2.1  1) 


cIR2  z 1 VdRr 


,-i  , -eJ 

* L virJ  ■ 


(3.2.12) 


Since  the  slope  of  the  norunil  is  tan  0,  that  of  the  tangent  -cot  0. 


= cot  0 , 


(3.2,13) 


Substituting  (3.2, 13)  into  (3.2,12) 


tlz  I + cot2  0 - e2 

‘IR|,  “ 7 


(3.7.141 
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From  (3.2.6)  and  (3.2,9) 


u(l  ~e2)  sin  0 
v/ 1 ~ e2  sin2  0 


(3.2.15) 


Substitute  (3.2.13),  (3.2.14),  and  (3.2.15)  into  (3,2,10). 


IJ  _ 

/,  + ^ 
\ sin2  0 / 

Knl  - 

-( 

1 A >/l  - e2  sln5  0 

^sln2  0 / a(l-e2)sin0 

/ cos2  0 + sin20\3/2 

\ sin2  0 ‘ ) 

/\  - e2sln20\  ~ u2  sin2  0 

\ sin2 0 / u(l-e2)sln0 

1 

Km  = 

sin3  0 

( 1 - c2  sin2  <t>\2  | 

^ sin3  0 / a(l-c2) 

iKl  ~e2 ) 

(1  - e2  sin2  0)3/2 


(3.2.16) 


liquations  (3.2.7),  (3.2.9),  and  (3.2.16)  give  the  radius  of  the  circle  of  parallel,  the 
radius  of  curvature  normal  to  the  meridian,  and  the  radius  of  curvature  in  the  meridianal 
plane,  respectively.  The  radii  of  curvature  arc  tabulated  in  Table  ,3,2.1  as  functions  of  latitude 
for  the  W(iS-72  spheroid  (Section  3.5), 

Before  turning  to  distances  on  the  spheroid,  it  will  be  useful  to  relate  the  Cartesian 
coordinates  lor  the  spheroid  to  the  polar  coordinates, 


X ■-  Up  COS  0 cos  X 
y R,,  cos  0 sin  X v 
z = (I  ~e2  )Rp  sin 0 „ 


(3.2.17) 


Table  3,2.1. 

Radii  ai  a Function  of  Latitude. 

Radii  of  Curvature 

Qeoditlc 

Latitude 

f 

Hp 

n** 

Rm 

0.00 

6378166. 

6336477. 

6.00 

0378327. 

6336960. 

10,00 

637B809. 

6337396. 

16.00 

6370696. 

8339740. 

20,00 

6380663, 

6342924, 

26,00 

6381681, 

6346864. 

30.00 

6383608, 

0361411. 

36.00 

6386199, 

6366480. 

40.00 

8387002. 

6301847. 

46.00 

6388864. 

6367412. 

60,00 

6399727. 

0372986. 

66.00 

6392636. 

6378396. 

60,00 

6394234. 

6383481. 

66,00 

6396770, 

8388082. 

70,00 

6397096, 

6392068. 

76.00 

6398173, 

6396287. 

80,00 

6308907, 

6307607. 

86.00 

6300463. 

6390126. 

00.00 

0309017. 

6399617. 

•Degrean 

**Meter» 
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The  first  fundamental  form  of  the  spheroid  (Section  2.3)  becomes 

(ds)2  = R2,  (d0)'  + R2  cos2  0(dX)2  . (3,2.18) 

Equation  (3.2. 1 8)  will  be  useful  in  the  transformations  from  the  spheroid  to  the  sphere  In 
Chapters  4 and  5,  and  in  the  discussion  of  distortions  in  Chapter  7. 


3.3  Distances  and  Angles  on  the  Spheroid  f 5] 

Three  types  of  distances  measured  on  the  spheroid  will  be  considered,  These  are  dis- 
tances ulonga  circle  of  parallel,  along  the  meridlaunl  ellipse,  and  between  two  ordinary 
points, 

We  can  deal  with  the  distance  along  a circle  of  parallel  very  easily.  From  (3.2.7) 


aAX  cos0 
s/I  - e2  sin2  0 


(3.3.1) 


where  AX  is  the  angular  separation  of  two  points  on  the  circle  of  parallel,  in  radians.  Table 
3.3,1  gives  the  distance  for  an  angular  separation  of  I'  as  a function  of  latitude  for  the 
WC.S-72  ellipsoid. 

Distance  along  the  moridlunul  ellipse  requires  an  integration  of  (3.2, 1 6),  To  facilitate 
this,  (3.2.16)  Is  , expanded  by  the  binomial  theorem. 


Rm  = ad  -e2) 


(l  + § 


15 


c2  sin2  0 + ^ e4  sin4  ^ eh  sin*  0 + , . ,j , (3.3,2) 


-)■ 


Equation  (3.3.2)  is  a rapidly  converging  series,  as  we  shall  see  when  we  display  the  values  of 
e In  Section  3,4. 


The  distunce  between  positions  at  latitude  <t>\  and  <t>i  on  the  same  meridianal  ellipse  are 

-(*2 


fr  2 

Rm  d0  . 

Y't 


(3.3,3) 


Substitute  (3.3,2)  intd  (3.3.3)  and  Integrate 


d “ a(!  -e‘)  J |l  4 4°‘!s>l'20  + yy  i.%4  sin4  ehsin,’0  + . , ,j  i!0 


Tnblo  3,3,1.  Dlitancai  Along 
th»  Circle  of  Parallol  for  a 
Separation  of  l', 


Geodetic 


Latitude 

Dlitanca 

d»* 

0,00 

1865,332 

B.00 

1848.319 

10.00  : 

1827,320 

16.00 

1792.616 

20.00 

1744,124 

26,00 

1082.607 

30,00 

1008.110 

36  00 

1621,474 

40,00 

1423,236 

46.00 

1314.118 

60,00 

1194,933 

66.00 

1086.672 

00  00 

930.002 

06,00 

786,200 

70.00 

036.443 

76,00  . 

481.701 

BO, 00 

323,226 

86,00 

162,241 

90,00 

-.001 

•Degrees 

♦Meteri 
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d = il 


{(' 


+ 


c4 


35 

96 


4 cos  20  + cos  4$)  r 


0j 


01 


Further  expand  the  lust  term  in  (3,3.4) 


- ^ eb  (3  - 4 cos  20  + cos  40) 

= - jj|  e6  ^ sin  20  - j sin  20  cos  20  + sin  20  cos  40  j 

* e6  (j^  sin  20  - ~ sin  40  - ^ sin  20  + sin  60  j . 

Substitute  (3.3,5)  into  (3,3,4), 


d = a 


7,  _ £ ..  JL 

V 4 64 


11 

256 


i,4  4. 


3_ 

64 

04 

5 

“ 256 

0*  j 0 

,4 

./ 

5 + 

35  / 3 

+ \ 

384 

«6  \I6 

5 

+ 21. 

il.*-  + 

3072 

96 

.It  + 


sin  40 


sin  20 


35 

96 


sin  60  + 


03 

► 

01 


(3,3,4) 


(3,3.5) 
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d = 0 {('  " *4  ' h e4  ~ 256  e*  ’ 

"(I e2  + h e4  + rofe e6  + ••■) 8il12^ 


+ (2^  e4  + 1024  °6  + •■•)<in4*  - 3072  u*  *in6*  + — 


0 2 
01 


(3.3.6) 


liquation  (3.3.6)  lias  been  evaluated  in  Table  3,3,2  for  l’  Intervals  of  are  along  the 
meridlunul  ellipse  as  a function  of  latitude  for  the  WGS-72  spheroid. 

The  distance  along  a spheroid  between  two  arbitrary  points  P| (0| , Xi)und  P 2(02 , X2) 
is  obtained  from  consideration  of  the  first  fundamental  form  for  a spheroid  (3,2.1 8). 


S " / [R">  + RP  cos2  # (Sj) 


1/2 


d0 


(3.3.7) 


To  obtain  the  shortest  line  on  the  spheroid  connecting  Pi  and  P2 . that  Is,  the  geodesic  curve, 
apply  the  liuler- Lagrange  relations  to  (3.3.7),  where 

L(0,  X,  X1)  “ R*,  + Up  cos^0(X')2 

jL/SL\.  ik.  0 
d0  lax”  ax 


BL  _ ,,  1 1 , dX 

M?  - R„  cos-0  ^ - c 


where  c Is  a constant. 

Substitute  (3,3.8)  Into  (3.3,7). 

r*01 
•'01 


s - K + 

-Vi.  \ u,*,  cos 


- — ) 
,,  cos2  0/ 


,1/2 


d0 


It  remains  to  evaluate  c in  (3.3.9).  Integrate  (3.3. >1). 


f _j30 

J R-  cos2  0 


+ k . 


(3.3.8) 


(3.3,9) 


(3,3,10) 


Substitute  (3.2.9)  into  (3.3.10), 
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Table  3.3.2.  Dlitanea  Along 
the  Mtrldlanal  Elllpu  for' 
a Separation  of  l\ 

Giodatlc 


Latltuda 

Dlitanea 

<t>* 

d*# 

0.00 

1842.814 

E>.00 

1843.086 

10.00 

1843.472 

16.00 

1844.164 

20,00 

1846,081 

26.00 

1848.224 

30.00 

1847.649 

38,00 

1849.018 

40.00 

1860,686 

46.00 

1882,204 

60,00 

1863.826 

66.00 

1865.399 

80.00 

1866,878 

86.00 

186B.216 

70.00 

1869,373 

76.00 

1860,312 

80,00 

1861.005 

86.00 

1861,429 

00,00 

1881.672 

* Dagraai 
••Mattri 


r 


I' 

tv 


”c/[ 
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- <>2  sin2  0 


cos2  0 
1 ~ e2  ( 1 - cos2  0) 


d0  + k 


II2  cos2  0 


d 0 + k 


, ft  1 ~ e2 

\ u2  cos2  4 


"c|(  -t + ~ ) # + k 

COS2  0 U2 


= c 


(V) 


tun  0 + 


U20 


+ k , 


Kvulunte  (3.3,1 1)  ut  P|  ami  Pj,  and  subtract  to  eliminate  k. 


Xi  = c 


"S.2  ” C 


~ X|  ■ c 


'M 

[M 

M 


tan  0|  + -r  0i 


a2 


c2 

tail  02  + -r  02 
a2 


+ k 


+ k 


i>2 


(tan 02  - tan 0i ) + -r  (02  "0i> 
a2 


Xi 


(■ — ) (tan 02  - tan  0| ) + •—  (02  -0|) 
\ a*  / a2 


Substitute  (3.3,1)),  (3.2.16)  and  (3.3.1 2)  into  (3.3.9). 

»0j 


/ 

J0l 


J a2(  i -c2)  , / 1 ZliA 

( 1 - c2  sin-  0)'1  \ a2  cos2 

(X;  “ Xi  )2 


sin2  0\ 

0 / 


I _ 


(Ian 02  - Ian 0| ) - — (02  ~0|) 
11“ 


1/2 


l!0 


(3.3,1 1) 


(3.3,12) 


n 


V 


(1  -e2  sin20)3 


(X2  -\|)2(1  -e2  sin2 0) 

[(1  — e2 )(tun 02  “tan 0| ) - e2(02  -0i)]2  cos2  0 J 


Faced  with  a horrid  equation  such  as  (3.3.13),  the  only  reasonable  procedure  Is  a nu* 
metical  Integration  on  a computer  for  a specific  choice  of  starting  and  ending  points.  The 
equation  itself  is  completely  general. 

Several  feutures  of  the  geodesic  will  be  noted,  in  general,  the  geodesic  Is  not  u plane 
curve.  However,  the  plane  which  contains  any  three  neur  points  on  it  also  contulns  the 
normal  to  the  spheroid  at  the  center  point  of  the  three.  The  meridianal  ellipse  is  one  partic- 
ular geodesic,  and  is  obtained  by  setting  dX/d0  * 0 In  (3.3.7),  The  equator  is  also  a particular 
geodesic.  The  merldiuns  and  the  equator  ure  the  only  geodesics  which  are  plane  curves. 

Another  feature,  is  that  along  any  geodesic,  R()  cos  0 sin  a Is  constant,  where  at  is  the 
azimuth, 


Tltree  differential  formulas  will  be  derived  which  apply  at  any  point  on  the  geodesic, 
and  relate  0,  X,  a,  and  s,  where  tv  is  the  azimuth. 


d0  _ cos  a 
ds  Rm 


(3.3.14) 


dX  a J.  sin  a 
ds  **  R,,  cos0 

do  I .... 

-r-  - sr*  tun  0 sin  tv . 

JS  Kp 


(3,3.15) 

(3.3.10) 


liquations  (3.3. 14)  and  (3.3. 1 5)  can  be  obtained  from  a consideration  of  the  angle  be- 
tween a curve  on  the  spheroidul  surface,  and  one  of  the  parametric  curves,  the  meridianal 
ellipse,  where  X Is  a constant, 


From  the  first  fundamental  form  for  the  spheroid. 


= Rm 

(3.3.17) 

- Kp  cos^  0 

(3.3,18) 

*»  0 . 

(3.3.IU) 
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Since  X]  “ c 


dXi  = 0 


and 


dsi  = y/W  d^i 

E d<t>  d0i  + G dX  dXj 

cos  a = T-j 

ds  dsi 

Substitute  (3.3.20)  and  (3.3,21)  into  (3.3.22). 

E d <t>  d<t>\ 
C0S“  " els  d0i 

\ 

Substitute  (3.3.17)  into  (3.3.23). 


cos  a = R 


d d> 
“ ds 


This  has  justified  (3.3.14). 


. (d<t> i dX  - d <(>  dXj\ 

!ta“  ‘ ^ r-arc; — ) 


Substitute  (3.3.20)  and  (3.3.21)  into  (3.3.24), 

v/EG  d«i  dX 
y/E  d0i  ds 


sin  a = 


dX 

s 


(3.3.20) 

(3.3.21) 


(3.3.22) 


(3.3.23) 


(3.3.24) 


(3.3.25) 


ill 

1 1' 

! 1 1 

1 !> 

( ■ f 

N 


i 


d0 

cosoi!  - Rm  ^ 


(1  - e2)2 
( 1 — e2  sin2  0j)3 


(Xa  -X))2(l  -e2  sin20i) 

t(l  - e2) (tan  02  - tan  00  - e?(02  - 00) * cos20! 


(3.3.26) 


The  rhumbline  (or  loxodrotne)  is  u curve  on  the  spheroid  which  meets  each  consecutive 
meridiun  at  the  surne  azimuth.  From  Figure  3,3.2, 


tana  = 3 — tt  cos0dX 

Km  up 


dX  “ tana  = — — — - d0 
Rm  cos  0 


Substitute  (3,2.9)  and  (3.2. 1 6)  into  (3.3. 1 7), 


dX  =■  tana 


y/\  - e5  sin^ 
u(l  - e2)  cos 0 
( 1 - e2  sin2  0)3^2 


r 1 - e2  sin2  01,, 

= tnn  a — - d0 

L ( 1 - C2  ) COS  0 J 

AX=  tana  [tan  (f  + $) (r^T^j  _ • 


(3.3.27) 


(3.3.28) 


The  kernal  of  (3.3.18)  will  be  seen  aguin  when  we  treat  the  eon  formal  projections  of  Chap- 
ter 5.  The  rhumbline,  used  in  conjunction  with  the  Mercator  projection  (Chapter  5)  and  the 
great  circle  on  the  gnomoulc  projection  (Chapter  6)  arc  longstanding  aids  to  marine  and 
aerial  navigation. 
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3.4  Geodetic  Spheroids  |5|,|7|, |18],  (21  ] 

Beginning  in  the  curly  1 800’s,  n serious  uttempt  wus  made  to  find  the  correct  dimen- 
sions of  the  earth.  Geodesists  and  surveyors  undertook  to  find  the  best  representation, 

The  physical  shape  of  the  earth  is  too  irregular  to  be  used  in  any  mathematical  study. 
Thus,  it  was  necessury  to  define  u fictitious  surface  which  approximates  the  totul  shupe  of 
the  earth.  The  surfaces  of  revolution  of  this  section  are  the  geodesists  answer  to  the  problem. 
They  ure  the  most  convenient  surfaces  which  best  fit  the  true  figure  of  the  earth. 

The  geodesist’s  first  approximation  to  the  shape  of  the  earth  Is  the  equipotenllul  surface 
ut  mean  sea  level  called  the  gcold.  The  gcokl  is  smooth  and  continuous,  and  extends  under 
the  continents  at  the  continued  meun  sea  level.  By  definition,  the  perpendlculur  ut  any 
point  of  the  geold  is  in  the  direction  of  the  gravity  vector.  This  surface,  however,  is  not 
symmetrical  ubout  the  axis  of  revolution,  since  the  distribution  of  mutter  within  the  earth 
is  not  uniform.  The  geold  is  the  intermediate  projection  surface  between  the  Irregular  earth, 
and  the  mathematically  munugeable  surface  of  revolution. 

The  estimates  of  the  values  of  the  semi-mujor  axis  and  the  flattening  have  changed  over 
the  lust  145  years.  Progress  lias  meant  better  Instruments,  better  methods  of  their  use,  and 
better  methods  of  choosing  the  best  tit  between  the  gold  and  the  spheroid.  The  Instru- 
ments, their  use,  and  the  statistical  methods  of  reducing  am!  fitting  the  dutu  are  beyond  the 
scope  of  tills  report.  Nevertheless,  we  must  be  awure  <j>f  their  existence,  and  their  contribu- 
tion to  mapping. 

lii 

Table  3.4.1  gives  the  names  and  dates  of  important  reference  spheroids,  us  well  as  the 
cquutoriul  semi-major  axis,  a,  and  the  flattening,  f,  of  the  ellipse.  Historically,  the  first  of 
these  spheroids,  the  Everest  through  the  Clurke  1880,  were  intended  to  fit  local  arcus  of  the 
world.  Beginning  with  the  Hayford  spheroid,  an  uttempt  wus  made  to  obtain  un  inter- 
nationally acceptable  representation  of  the  entire  world, 

Progress  lias  continued  In  refining  the  values  of  the  semi-major  axis  and  the  flattening. 
The  best  representations  available  today  are  the  World  Gravity  System  of  1972  (WGS-72) 
and  the  International  Union  of  Geodesy  and  Geophysics  of  1975  (l.U.G.G.)  vulues.  The 
WGS-72  ''ulues  will  be  used  in  this  report. 

Unfortunately  interest  in  generating  tables  such  as  Table  3.2.1, 3,3.1,  3.3.2,  and  4.1.1, 
and  tile  plotting  tublcs  of  tile  projections  hus  Hugged  since  those  similar  tables  incorporating 
Hie  Clurke  1880  and  Hayford  spheroids  were  published  [25).  Thus,  the  tables  included  In 
this  ivpu.'t,  using  the  WGS-72  spheroid,  are  the  most  recent  representations  of  cartographic 
data  available. 

Consider  now  the  WGS-72  spheroid.  Using  (3.1.4),  the  eccentricity  of  the  mcrldlunnl 
ellipse  is  0.081819.  From  (3.1.2) 


1,2  . u2(i  -eJ).  (3,4,!) 

Using  WGS-72  parameters,  b - (>35(i750  meters.  Thus,  the  difference  in  length  between  the 
equatorial  and  poluruxes is  21385  meters. 


TabU  3,4.1,  Rafaranoa  Spharoldi, 


Rafaranoa 

Spharold 

Data 

a 

(matari) 

f 

EVEREST 

1830 

6377304 

1/300,8 

BESSEL 

1841 

6377397 

1/299.2 

AIRY 

1858 

6377563 

1/299.33 

CLARKE 

1868 

6378294 

1/294.3 

CLARKE 

1866 

8378206 

1/295 

CLARKE 

1880 

6378249 

1/203,5 

HAYFORO 

1010 

6378388 

1/202,0 

KRASOVSKY 

1938 

6378245 

1/288.3 

HOUGH 

1956 

6378270 

1/297.0 

FISCHER 

1960 

6378166 

1/298.3 

KAULA 

1061 

6378165 

1/2B2.3 

I.U.G.Q, 

1967 

6378160 

1/298.26 

FISCHER 

1968 

8378150 

1/202.3 

WGS-72 

1972 

6378135 

1/298.26 

I.U.G.G. 

1975 

8378140 

1/298.257 

- .1  -iv:...,, 


«y 

The  eccentricity  figures  in  the  series  expansions  developed  in  this  chapter.  It  hus  been 
noted  that  these  expansions  ure  rapidity  convergent,  due  to  the  small  value  of  c,  This  is  now 
demonstrated  by  Table  3,4,2.  In  the  table  are  powers  of  c for  the  WGS-72  spheroid,  Note 
that  considering  the  seven  significant  figures  for  a,  it  Is  not  neeessury  to  curry  any  expansion 
beyond  c6 . 


Table  3.4,2.  Powart  of  a for  tha  WQ872  Spharoid. 


n an 

t 0081819 

2 0,00669438 

3 0,00064772 


n a1' 

4 0.00004481 

5 0.000003667 

6 0,000000300 
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3.5  Reduction  of  the  Formulas  to  the  Sphere  1 22] 

The  most  simplified  model  of  the  earth  is  the  sphere.  In  the  spherical  case,  the  gen- 
erating curve  for  the  surface  is  the  circle,  which  is  an  ellipse  of  zero  eccentricity.  The  semi- 
major axis  and  semi-minor  uxls  are  the  same.  This  offers  immediate  simplifications  for  the 
problems  of  distance,  and  angular  meusure.  The  spheroidul  formulas,  In  gen, r 1,  can  be  re- 
duced to  the  spherleu!  by  substitution  of  e ~ 0.  However,  the  formulas  for  distunce  between 
arbitrary  points,  und  azimuth  can  best  be  upprouched  by  spherical  trigonometry, 

Tile  equation  for  the  sphere  in  Cartesian  coordinates  is 


% ♦ £ , -li 

a2 . a2  a2 


I . 


(3.5,1) 


Figure  3.5. 1 gives  the  geometry  of  the  spherical  earth.  Note  that  the  normal  to  the  sphere 
at  a point,  I1,  coincides  with  the  geocentric  radius  vector. 

For  the  sphere,  there  Is  only  one  type  of  latitude,  since  geocentric  and  geodetic  latitudes 
coincide.  Longitude  is  measured  in  the  same  way  it  was  for  the  spheroidal  case,  The  sign 
conventions  for  latitude  and  longitude  In  the  spheroidul  ease  also  holds  for  the  spherical  ease. 

The  radius  of  a circle  of  parallel  becomes,  by  substituting  e * 0 Into  (3,2.7) 

R « a cos 0 . (3.5.2) 


By  the  same  substitution,  the  radii  of  curvature  (3.2.9)  und  (3.2,16)  are  found  to  be 

RP  * R,n  a . (3.5,3) 

The  relation  between  Cartesian  and  polar  coordinates  follow  from  (3,2.17), 


x = a cos  0 cos  X ' 
y - a cos  0 sin  X > , 

/.  - a sin  0 

The  first  fundamental  form  is,  from  (3.2. IN) 

(ds)J  --  a2(d0)J  + a2  cos2  0(dX)J  . 
Distance  along  the  circle  of  parallel  is,  from  (3.3.1 ) 

d = a AX  cos0  , 

From  (3.3.6),  distance  along  the  meridian  circle  is  simply 


(3.5,4) 


(3.5.5) 

(3.5.6) 


d « aA0  , 


(3.5,7) 
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On  the  sphere,  the  shortest  curve  connecting  two  arbitrary  points  is  an  arc  of  the  great 
circle.  The  great  circle  (also  culled  the  orthodrome)  corresponds  to  the  geodesic  curve  on 
the  spheroid,  but  with  many  simplifications.  The  greut  circle  Is  a planar  curve  which  con- 
tains the  two  arbitrary  points,  and  the  center  of  the  sphere.  The  distance  on  the  surface  of 
the  sphere,  can  be  obtained  from  consideration  of  Figure  3.5,2. 

The  equations  of  spherical  trigonometry  will  be  used  to  derive  the  distance,  d.  Con- 
sider the  law  of  cosines. 

cos  0 = cos  (90°  - 0 i ) cos  (90°  - 02) 

+ sin  (90°  - 0 i ) sin  (90°  - 02)  cos  AX 
« sin 0i  sin  02 

+ c'os0i  cosfo  cos  AX  . (3,5.8) 


Taking  the  urc-cosine  of  (3,5.8) 

d “ a cos"1  [sin  0|  sin 0j  + cos 0j  cos 02  cos  AX)  , (3.5.9) 


The  azimuth,  a,  of  point  P|  from  P2  is  also  obtained  from  the  spherical  triangle  NP| 
P2.  Tuking  the  arc-cosine  of  (3.5.9)  again,  the  angle  0 is  now  available.  Then,  the  law  of 
sines  is  applied. 


sin  01  _ sin  AX 

sin  (90°  -02)  ~ sin  b 


sin  a = 


OOS0;  sin  AX 
sin  0 


(3.5.10) 


Also. 


cos  a = cos  0 cos  (90°  - 0i ) + sin  0 sin  (90°  - 0| ) cos  (90°  - 0 2) 

coso  = cosflsin0i  + sin 0 cos 0i  sin 02  , (3.5,11) 

From  (3.5,10)  and  (3.5,1 1).  the  quadrant  of  the  azimuth  cun  be  seen,  As  was  men- 
tioned In  Chapter  l,  azimuth  is  measured  from  the  North,  positive  to  the  Fust,  and  negative 
to  the  West, 

The  rhumhline  or  loxodrome  Is  obtained  from  (3*3.28)  by  substituting  in  (3.5.3) 


AX  - tu not 


In  tun  (j  + ^r)  - In  tun  (-J  + ^f) 


01  ' 


(3.5.12) 


Initiation  (3.5. 1 2)  can  be  investigated,  If  0|  ~ 02,  then  tan  n =-•  0, « ~ 90,  This  is  un  azimuth 
along  a parallel  circle.  ll'Xi  = X2 , tun-n  - 0,  tv  ~ 0.  yielding  a meridian. 


The  distance  along  the  rhumbline  is  found  from  Figure  3.5.3. 


fPj  /'Pa  p 

*-l.  sb 


d<(> 


Pi 


R 

cos  a 


'Pi 

(<h  k“0t)  - 


(3.5. 


As  was  mentioned  before,  the  great  circle  and  loxodrome  will  be  mentioned  again  in 
conjunction  with  the  Mercator  and  gnomonic  projections. 


N 


R eo*0  dX 
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5,6  Figure  of  the  Moon  |4| 

With  the  Space  Age,  the  moon  has  become  a pructicul  entity.  Beginning  with  the  U.S. 
Air  Force  Mosaic  in  l%0,  engineers  and  scientists  have  mupped  the  moon,  the  first  attempt 
being  an  Orthographic  projection  (Chapter  6). 

The  moon  itself  is  clearly  a triuxial  ellipsoid,  not  u spheroid  of  revolution,  Table 
3.6.1(a)  gives  the  semi-axes  of  the  triaxial  moon, 

However,  for  mapping  convention,  the  moon  is  considered  to  be  a spheroid  of  revolu- 
tion. The  constants  of  the  generating  ellipse  ure  given  in  the  Table  3.6.1(b), 

Once  tills  simplification  Is  made,  all  the  formulas  for  the  terrestrial  spheroid  apply  im- 
mediately, Then,  the  methods  of  projection  to  be  developed  in  Chapters  4,  5,  and  6 can 
be  used. 

These  same  techniques  ulso  apply  to  mapping  other  planets.  No  doubt,  the  Viking 
pictures  of  July  1976  will  be  analyzed  and  reduced  to  provide  a new  map  of  Murs  using  one 
of  the  projections  now  to  be  considered. 


Table  3.8,1,  Lunar  Spheroid 


(a'  Actual 

a* 

b* 

c* 

1738670 

1738210 

1737490 

(b)  Conventional 


a* 


f 


173R390  1/1031,6 


*M«ter» 


Chnpter  4 

EQUAL  AREA  PROJECTIONS 


>■ 


Tilt*  requirement  which  underlies  all  the  projections  in  this  chapter  is  stated  as  follows: 
Every  section  of  the  resulting  map  must  bear  a constant  ratio  to  the  areu  of  tlte  earth  repre- 
sented by  it.  This  requirement  will  be  stated  in  mathematical  terms.  Thus,  all  of  the  projec- 
tions of  this  chapter  are  founded  on  some  algorithm  which  maintains  the  equivalency  of  area. 

As  in  any  cndeuvor,  there  is  a hard  way  and  an  easy  way  to  work.  The  cartographers 
of  days  past  attempted  to  transform  from  tire  spheroid  directly  to  the  developable  surface. 
Tire  eusier.  and  more  modern  approach,  Is  to  transform  from  the  spheroid  to  the  equivalent 
area  sphere,  and  then  transform  from  the  sphere  to  the  developable  surface.  This  results  in 
equations  which  arc  far  less  cumbersome,  This  chapter  follows  the  modem  approach. 

First,  a transformation  Is  derived  which  defines  an  authalie  sphere.  This  authalic  sphere 
has  the  same  total  area  as  the  spheroid,  The  longitude  of  points  is  undisturbed  by  the  trans- 
formation. However,  the  transformation  requires  the  definition  of  an  authalic  lutiiude  on 
tire  sphere,  which  corresponds  to  the  geodetic  latitude  on  the  spheroid.  Also,  the  radius  of 
the  authalic  sphere  must  he  determined. 

Second,  positions  transformed  to  the  authulle  sphere  are  then  transformed  onto  selected 
developable  surfaces  to  form  a map. 

The  projections  to  be  discussed  are  the  Azimuthul,  Conical,  und  Cylindrical  Equal  Area,' 
the  Bonne,  the  Werner,  und  a selection  of  world  maps:  the  Sinusoidul,  Mollweide,  Parabolic, 
Eumorphie,  Eckart,  and  Hammer-Aitoff.  In  addition,  a simple  means  to  minimize  extreme 
distortion  is  advanced  in  the  Interrupted  projections. 

A quantitative  over-view  of  tire  theory  of  distortions  is  put  off  until  Chapter  7,  where 
this  theory  will  he  applied  to  the  most  useful  of  the  projections  on  masse.  Plotting  tables 
for  selected  projections  are  given,  The  computer  program  which  generated  the  tables  is 
Appendix  A.  1 . 


4.1  Authalic  Lilil tide  |2|. |8|,  |20| 

Authalic  latitude  is  denned  by  the  equal  area  projection  of  the  spheroid  onto  a sphere. 

From  the  fundamental  transformation  matrix  of  Chapter  2,  and  the  condition  of 
equivalency  of  area: 


Wi 


07 


2 


eg  - f2  = 


E 

F 


90a 

90a 

30 

DX 

3Xa 

3Xa 

30 

ax 

(4.1.1) 


In  (4.1.1),  0a  and  X*  are  the  authallc  latitude  and  longitude,  respectively,  on  the  uuthalic 
sphere,  and  0 and  X are  the  geodetic  latitude  und  longitude,  respectively,  on  the  spheroid. 
Ra  Is  the  radius  of  the  authallc  sphere. 

Botli  the  systems  are  orthogonal,  so 


f * F “ 0 . 


On  ttie  spheroid  from  (2,3.15): 

ds2  = R2,  d02  + R2  cos20dX2 


e - R?n 
g = R,2,  cos2  0 


(4.1.2) 


(4.1.3) 


On  the  authallc  sphere  from  (2.3.14): 

ds2  = R2  d0 a + R2a  cos2  0a  dX2A 


K " *1 

Cl  « Ra  cos2  0a 


Substitute  (4.1,2),  (4.1.3),  and  (4.1,4)  into  (4,1.1). 


R2,  R2  cos2  0 = R^  cos2  0A 


30a 

30a 

30 

ax 

9Xa 

3Xa 

30 

ax 

(4.1.4) 


(4.1.5) 
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The  longitude  is  invariant  under  the  transformation:  X = XA . Thus, 

1 


ax^ 

3X 


^ =0. 


Tiro  authalic  latitude  is  Independent  of  XA  . 

m 

Substitute  (4.1.6),  (4,1.7),  and  (4.1,8)  into  (4.1,5) 


(4.1.6) 

(4.1.7) 

(4.1.8) 


R„  Rp  cos2  0 *•  R^  cos2  0A 


30a 

it  0 


0 


1 


R2,Rg  cos2  0 = R\  cos0a  • 


30 , 

Equation  (4.1,9)  can  now  be  converted  Into  an  ordinary  differential  equation. 

Rm  Rp  COS0  d0  “ Ra  COS  0a  d0A  • 

Apply  the  values  of  Rm  and  Rp  derived  in  Chapter  2. 

u(l  ~ e2) 


Rm  = 


RP  = 


(1  -o2  sin20)^2 


(1  -e2  sin2  0) 1 / 2 
Substitute  (2.2,16)  und  (2.2.17)  into  (4.1.10). 
o2  ( 1 - c2 ) 


(4.1.9) 

(4.1.10) 

(2,2.16) 

(2.2.17) 


( l — e2  sln20)2 


COS0d0  = 1<A  cos  0A  d0A  • 


(4.1.11) 
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Integrate  (4,1,11) 


R A 0 ( * COS0A  C10A 

*u 


Ra 


cos  0 

( 1 ■*"  e2  sin2  0)2 


(10 . 


(4.1,12) 


The  easiest  way  to  uttuck  (4. 1 . 1 2)  is  by  means  of  a binomial  expansion : 

R^sin0A  “ a2(l -e2)  I cos  (1  + 2e2  sin2 0 + 3e4  sin4  0 + 4c6  sln60  + , , ,)  d0 
Jo 


a2  ( 1 - e2 ) sin  0 + j e2  sin3  0 + ^ e4  sin5  0 + ~ eft  sin7  0 + . , , , 


(4.1,13) 


In  order  to  determine  Ra  , we  introduce  the  condition  that  0 a * rt/2  when  0 - rr/2, 
Then,  (4.1,13)  becomes 

Ra  ■ a2(l  -e2)  (l  + | e2  + | e4  + 7 c6  + ...  ,)  (4,1.14) 

Equation  (4.1.14)  gives  the  radius  of  the  authulic  sphere  with  an  area  equivalent  to  that  of 
the  spheroid. 

Substitute  (4.1.14)  Into  (4,1,13)  to  obtain  the  relation  between  authulic  latitude  and 
geodetic  latitude. 


sin  0a  = sin  0 


1 + j c2  sin2  0 + | sin4  0 + y e6  sin*1 0 + 
I + | e2  + j c4  + j e6  + . , . 


(4,1,15) 


As  wus  seen  in  Chapter  3,  the  eccentricity,  e.  Is  a small  number  for  ull  of  the  accepted 
spheroids.  Thus,  (4,1.15)  contains  rapidly  converging  series.  The  relation  between  authulic 
and  geodetic  latitudes  is  tabulated  in  Table  4.1,1  for  the  WCIS-72  Reference  lillipsold,  In 
increments  of  S". 

Now  that  the  transformation  from  the  spheroid  to  the  sphere  Is  completed,  the  trans- 
formations from  the  sphere  to  the  developable  surfaces  will  be  derived.  In  these  derivations, 
the  subscript  A on  the  lutitudc,  longitude,  und  radius  of  the  authulic  sphere  will  be  dropped, 
and  0,  X,  und  R will  be  the  latitude,  longitude,  and  radius,  respectively,  of  the  authalic 
sphere. 


Tablt  4.1.1.  Authalloand 
Gaodatlc  Latltudai. 


Qaodotlo 

Authallo 

Latltuda 

Latituda 

(Dagraai) 

(Dagraai) 

0.00000 

0. 00000 

5.00000 

4.97770 

10.00000 

9.95606 

19.00000 

14.93577 

20.00000 

19.91741 

25.00000 

24.90153 

30.00000 

29.66663 

35.00000 

34.67909 

4*0.00000 

39.67320 

<*5.  00  000 

44.67114 

90.00000 

49.67296 

35.00000 

54.67667 

00.00000 

59.66602 

65.00000 

64.90077 

70.00000 

69.91651 

75.00000 

74.93477 

60.00000 

79.95500 

65.00000 

64.97657 

90.00000 

89. 99674 

Radius  of  tha  authillo  iphan 
6,371,037  matari 
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4.2  Conical  Projections  |2|,  1 20 ] , 1 22 1 

Two  conical  equal  area  projections  will  be  considered.  In  the  first,  n cone  Is  tangent  to 
the  authalle  sphere  at  a single  parallel  of  latitude.  In  the  second,  u cone  is  secant  to  a sphere, 
cutting  it  at  two  parallels  of  latitude.  In  both  cases,  the  axis  of  the  cone  coincides  with  an 
extension  of  the  polar  axis  of  the  sphere,  As  will  be  seen  in  the  following  paragraphs,  the 
parallels  at  the  points  of  tungcncy  or  secancy  will  be  the  only  true  length  lines  on  the  map. 

Two  methods  of  approach  will  be  given  for  each  of  the  projections, 

The  first  is  the  differential  geometry  approach.  The  line  element  on  the  authalle 
sphere  Is; 


ds2  ■ R2  d02  + R2  cos2  0 dX2 


e - l<2 
g = R2  cos2  0 

For  the  polar  coordinate  system  In  a plane; 

ds2  59  dp2  + p2  dO2 


Both  of  the  systems  are  orthogonal,  so 

f = !•  = 0 , 


(4.2,1) 


(4,2,2) 


(4,2.3) 


The  origin  of  the  projection  has  coordinates  <0n,  Xn),  Xn  being  some  longitude  on  the 
parallel  of  tangeney.  Coordinate  Xn  defines  the  central  meridian  of  the  map. 

Impose  the  conditions  that 


p = p (0 ) (4,2.4) 

0 = C|X  + c2  . (4.2.5) 


The  constant  ei  Is  zero.  If  a further  condition  Is  that  X = 0,  when  0 - 0, 


\ 
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The  condition  of  equivalency  of  urea  is: 


From  (4.2.4) 


From  (4,2.5) 


eg  - f2 


E 

F 


3£ 

3£ 

30 

3X 

30 

30 

30 

8X 

3X 


0. 


30 

30 


0 


30 

3X 


ci . 


(4.2.6) 


(4.2,7) 


(4.2.8) 


(4.2.l>) 


Substitute  (4.2.1).  (4,2,2).  (4.2.3).  (4.2.7),  (4.2.8).  and  (4.2.9)  Into  (4.2,6), 


R*  cos2  0 


0£ 

30 

0 


0 


‘■'I 


3 


R2  cos0 


Tlie  minus  sign  Is  chosen  since  an  increase  In  0 corresponds  to  a decrease  in  p, 
Convert  (4,2.10)  into  an  ordinary  differential  equation,  and  integrate. 

R2 

p dp  = - tt  cos  0 d0 


(4.2,10) 


p2  - sin 0 + cj  • (4.2.11) 

In  (4,2, 1 1 ),  ci  will  become  the  constant  of  the  cone,  as  is  shown  below,  and  cj  will  depend 
on  the  boundary  conditions  imposed. 
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The  plane  Cartesian  coordinates  of  the  map  are  given  by: 

x = p sin  0 

y ■ Po  - p cos  o , 


(4.2.12) 


This  development  will  now  be  upplied  to  the  Conical  liquid  Area  projection  with  one 
standard  purnllel,  which  is  also  culled  Albers'  projection,  From  Chapter  1 , 


Po  “ R cot  0o 
0 ■ X sin  • 


Comparing  (4,2.5)  and  (4,2, 14), 


C|  = sin  0o  • 


(4.2.13) 

(4.2.14) 


(4,2.15) 


The  constant  C|  is/thc  constant  of  the  cone  (of  Chapter  1 ).  Substitute  (4,2,1 5)  Into  (4,2, 1 1 ), 


livuluatc  (4.2,16)  at  0o. 


Pi  " “2R1  + C3 


pjj  ■ -2R2  + cj 
C3  = Po  + 2Rj  . 


Substitute  (4,2,13)  into  (4,2.17). 


cj  * R2  cot2  0o  + 2R2 


R2(2  + cot2 0o ) , 


Substitute  (4,2.18)  Into  (4.2,16). 


(4.2.16) 


(4,2,17) 


p2  = R2 


(2  + cot2*>  " 2 sTT^) 


r2  L sin2  0o  + cos2  0o  _ ,,  sin  0 sin 0p' 
\ sin2  0o  sin2  0o  *”  sln20o 


sin2  0o 


(I  + sin2 0o  - 2 sin0  siti0o) 


I()4 


P = y/\~- (■  sin2  00  “ 2 sin  0 sin  0o  . (4,2.19) 

The  Cartesian  plotting  equations  have  been  derived.  From  (4.2,12),  (4,2.13),  and 
(4.2.14),  and  including  (4,2. 19) 

x ■ S|  p sin  (X  sln0o)| 

y « S[  Root  0o  ~ p cos  (Xsin0o)l  (4.2.20) 


where  S is  the  scale  factor. 

liquations  (4,2, 19)  and  (4.2.20)  are  the  basis  of  the  plotting  Tuble  4,2, 1 , for  0«  ™ 45° 
and  Xu  » 0°.  No  generalized  grid  is  possible : each  map  is  the  choice  of  the  user,  The  grid 
thut  resulted  for  this  arbitrary  choice  is  Figure  4,2.1. 

Two  standard  parallels  may  also  be  selected  for  a secant  cone,  This  projection  is  also 
called  the  Albers  projection.  The  radii  on  the  map  for  the  standard  parallels  Is: 

Pi ci  ■ K cos 0|  (4.2.21) 

pjc'l  “ Kcos0j,  (4.2,22) 


From  (4,2.5) 


„ „ XR  cos  0|  XR  cos02 

0 ss  c,  X = — — 

Substituting  (4,2,21)  and  (4.2,22)  into  (4.2, 1 1 ) yields 
R2  cos1 0|  2I<2 


(4.2.23) 


■'f 


C| 


sin  0i  + cj 


R2  cos2  0|  + 2R2C|  sin 0i  - cfcj  = u 


(4.2.24) 


R2  cos2  02 

~T 


SB 


IBi 

Cl 


sin  02  + Cj 


R2  cos2  02  + 2R2C|  sin  02  - cf  c 3 = 0 


(4,2,25) 


10S 


i+ 


Tibi*  4.2.1.  CenlMl  I quit  Art*  Promotion, 
On*  Standard  ParaHal. 

Iqutl  Aru  Gonleal  On*  Standard  Parall*! 


Latltuda* 

Longitude* 

0.0  0 00 

0.0000 

0.P00C 

15.0600 

0.0000 

10,0000 

0.0  0 00 

45.0000 

0.0000 

*>0.0000 

0.00  00 

79.0000 

0.0000 

90,0010 

1! .0000 

0,0000 

15 .0000 

15.0  on n 

18.0000 

30,0000 

18.0  0 00 

45.0030 

15.0000 

60.0000 

15,0000 

*9,0000 

15.0000 

qo.o  ooo 

30.0000 

0.0000 

30.0000 

15 .0  000 

30,0000 

10,3000 

30.0000 

46.0000 

30.0000 

60.0000 

3o.oo  on 

*!5.o  noo 

30 ,0  0 00 

qo  .oooo 

h6 . 0 0 00 

o.omo 

ws.rooo 

15.0000 

45.0000 

30 .o  no  o 

*3.C000 

46 .nnno 

45.0000 

6 0 , 0 0 0 0 

45.0  0 00 

76.0030 

45,0000 

qo.o  ooo 

6 0.0  0 00 

0,00*0 

0 0 « 0 0 00 

15,3030 

6 o , t.  o on 

30,0  03  0 

60 . 0 000 

45.0000 

60,0000 

80,0030 

60.0000 

■•9,0000 

60.0000 

0 0 . 0 0 .1 0 

X** 

yit 

0.  000 

•♦*669 

2.  033 

•4,  480 

3.  997 

•3.  921 

5.6  25 

-3.  009 

7.453 

•1.776 

3.  827 

*,  265 

9.o99 

1.  473 

0.  000 

•3.  227 

1.761 

•3.063 

3.476 

•2.576 

5.064 

•1.784 

6.  430 

-.712 

7.670 

.602 

8.607 

113 

0.  000 

•1. 654 

1.471 

-1,517 

2.906 

•1.  109 

4.  ?35 

- . 447 

5.  419 

. 450 

6.417 

1.  548 

7. 197 

2.612 

0.  000 

, 000 

1.174 

. 109 

2.  301 

. 432 

3. 361 

. 959 

4.  30  3 

1. 670 

5.096 

?.  543 

5.715 

3.  546 

0.  000 

l.  646 

. 871 

1,  727 

1.712 

1.966 

2.495 

?.  357 

3.193 

2.  665 

3.  761 

3.  532 

4.  240 

4.  277 

00  > 48°  * Dtgrt'ei 

Xo  - 0®  #*M*t*r» 
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liquations  (4.2,24)  and  (4.2.25)  can  be  solved  simultaneously  for  ci . 

K2  cos2 0 1 - R2  cos2 02  + 2R2C|Sin0i  - 2R2C|  sin “ 0 

cos2  - cos2  02  m 2ci  (sin 0i  -sln0i) 

cos2  01  - cos2  01 
tf*  * 2 (sin 0i -sin 00 

sin2  0i  - sin2  0| 

2 (sin  0i  - sin  00 

«*  \ (sin  0i  + sin  00  ■ 

to 


Substituting  (4.2.26)  Into  (4,2.23) 

0 “ ^ (sin  0i  + sin  0i ) . 

*> 

Substitute  (4,2.26)  into  (4.2,1 1) 


P2 


, 4R2  s[n_0 

sin  0i  + sin  02 


Hvaluato  (4.2,28)  at  0i . 


i 4R2  sin  0i , 

P>  " sin  01  + sill  02 

. 4I<2  sin  0i 

Cj  “ pt  + sin 0i  + sin  0i  ' 


Substitute  (4,2,2‘t)  Into  (4,2,28) 


2 3 x AMI  (Htn01 

P2  - p]  + 4R2  + 


where,  from  (4.2,21 ) and  (4.2,26). 


2R  COS0I 

Pl  a sin 0i  + sfr.02 


(4.2.26) 


(4.2,27) 


(4.2,28) 


(4,22‘n 


(4.2,30) 


(4,2,31) 


•KtlmoCTu  riici  t»  \ 


A similar  development  will  give 


pi  « pij  + 4||3 


(sin  fa  ~ sin  0) 


Kin  0|  + Kin  02 


2R  cos  0a 

Pi  “ sin  + sin  0a  ' 


(4.2.32) 


(4.2.33) 


It  only  remains  to  substitute  Into  (4.2. 1 2)  to  obtain  the  plotting  equations,  One  form 
ol'  these  Is 

x = S • y/pf  + 4R2  £7^-^  sin  4 (Mn0,  + sln03)  (4.2.34) 


y « S • <-?  (pi  + Pi) 


where  S Is  the  settle  faetor. 
The  second  form  is 


“ ]/pf 


, (Kin  0i  - sltt  0)  [ \ , L . . ' 

+ 4RJ  Eto  cos  [t  (8ln01  +slll02). 


(4.2,35) 


_ /,  4R^"(stn  03  r sin  0)  . f x , . 

s yri  + ^♦r+TiMT sin [t <sn01  +si,,02» 


y =-  S j -j  (pi  + pj)  - y'pj 


/ , 4R'1  (sin  0j  - slit  $7  f x 


+ iff cos  U (sl1'01  +sln02) 


The  grid  is  shown  In  figure  4.2,2  for  the  two  standard  parallel  case.  The  plotting  table 
for  the  grid  is  Table  4.2.2. 

The  standard  parallels  were  chosen  as  0|  “ 30°.  and  <t>:  K (>0°.  The  central  meridian  is 
X„«0°. 

A second  approach  can  be  followed  for  the  single  standard  parallel  case, 

Consider  a cone  with  constant  sin  0u,  and  let  pn  be  the  radius  on  the  map  of  the 
standard  parallel  0o.  The  area  on  the  cone  bounded  by  that  parallel  Is  jrp?,  sin  0o . If  p Is 
the  radius  of  any  other  parallel  of  latitude  0,  then  the  area  bounded  Is  ftp*  sin  <f>.  The 
area  In  the  strip  between  these  parallels  Is 


A ~ irlpf,  -■  p- ) sin  00  . 


T 


Tabla  4.2.2.  Conleal  Equal  Araa  Promotion, 
Two  Standard  Parallali. 


Latltuda* 


IF.  00  00 
IS,  0000 

15.0000 
IF.  0 0 00 
30 .U000 

30.0000 

30 .0  0 00 

30.00  00 

30.0  0 00 

45.0000 


45.0  000 


45.0000 

45.0000 

45. 0000 


6 0 . C 0 00 
b 0 .0  0 00 


Equal  Araa  Conical  Two  Standard  Parallali 
Jo*  Longitude*  X** 


15.0000 

30.0000 

45.0000 

60.0000 

0.0000 

15.0000 

30.0000 

45.0000 

60.0000 
0,0000 


30.0000 

45 . 0 0 0 0 
60.0090 


13.0000 

30.0000 


2.  234 
3.262 
4.  165 


3. '324 
3.169 


l.  560 
1.7  09 


60.0000 

60.0000 

3.  062 

2.  953 

75.0000 

0.0000 

0.  000 

3. 232 

75 .0000 

15.0000 

.560 

3.  282 

75.0000 

30,0000 

1.  101 

3,  431 

75.0000 

■miiiUiM 

1.  609 

3.  674 

75 .1)001) 

60.0000 

2.  063 

4.  083 

<#>i  « 30°  *Dagraai 

69  * 80°  **Matan 
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The  ureu  on  the  uuthalic  sphere  between  the  purullels  0 « und  0 is 

A = 2rrR2  (sin0  - sin  0o)  • (4.2.39) 

Forequul  area,  equate  (4.2.38)  and  (4.2,39). 

n(pl  -p2)sln0o  = 2rrR2  (sin0  - sin0o) 

(Po  — p2 ) sin  0o  = 2R2(sln0 -siti0o) . (4.2.40) 

Substitute  (4.2.13)  into  (4.2.40). 

sln0o(R2  cot2  -p2)  “ 2R2  (sin0  - sin0o) 

, R2  cot2  0o  - p2  - 2R2  - 2R2 

P2  - R2  cot2 0o  + 2R2  - 2R2  (4.2.41) 

Equation  (4.2.41)  is  the  equivalent  of  (4.2.19). 

Note  the  difference  In  the  length  of  the  derivations  between  the  first  and  second  ap- 
proaches. While  the  method  of  differential  geometry  seems  more  tedious,  it  will  pay  divi- 
dends In  Chapter  7.  The  equations  for  u quantitative  estimate  of  distortion  will  be  seen  to 
follow  from  the  differential  geometry  approach.  The  second  means  of  derivation  leaves  the 
reader  without  a convenient  way  of  exploring  distortions, 

Similarly,  the  case  of  Albers  projection  with  two  stundard  parallels  can  he  handled 
with  an  alternate  approach. 

l.et  0|  and  02  be  the  latitude  of  the  two  standard  parallels,  and  pi  and  P2  be  their 
respective  radii  on  the  projection,  let  02  be  greater  than  0i . The  constant  of  the  cone  is  c. 

The  area  of  the  strip  of  the  cone  between  these  latitudes  is 

A = crr(pf  - p^l . (4.2.421 

The  area  of  a zone  of  the  uuthalic  sphere  between  the  given  latitudes  is 

A = 2n-R2(sin02 -sin0i)  • (4.2.43) 

For  the  equal  area  projection,  equate  (4.2,42)  and  (4.2.43), 


ctr(p2  -p|)  ~ 2nR2(sin02  -sin0|) 
c(pf  — p| 2 = 2R2  (sin  02  ~ sin  0i ) . 


(4.2.44) 
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the  uuthulic  sphere. 

2trp\  c - 2jtR  cos  9 

2irp2C  ■ 2ffRcos02,  P2  “ 
Substitute  (4,2,45)  and  (4.2.46)  into  (4.2,44). 


equate 

these  parallels  on  the  map,  and  on 

R cos  0i 

Pi  » 

c 

(4,2.45) 

R COS  02 

P2  “ 

c 

(4.2.46) 

R2  cos2  0i  R2  cos 


;os2  02  j 


cos2  01  - COS2  02 


c - 


2R2  (sin  02  - sin  0i ) 
2 (sin 02  - sin  0i ) 

COS2  01  - COS2  02 

2 (sin  02  - sin  0i ) 

- H^202  ~ sin2  0i 
2 (sin 02  ~ sin  0i ) 

= ^ (sin  0i  + sin  02) . 

Wo  luive  now  reproduced  cquutlon  (4.2.27) 

Substituting  the  eonstunt  of  the  cone  into  (4.2.45)  and  (4.2.46) 


Pi  - 


P2  = 7 


2R  cos 0| 
sin  0 1 + sin  02 

2R  cos  02 
sin  0i  + sin  02 


This  has  reproduced  (4.2.31)  and  (4,2.33) 

To  find  the  value  of  p for  a general  latitude  0,  again  equate  the  area  on  the  map  and 
the  area  on  the  uuthulic  sphere. 

C7r(p2  -pf)  « 2trR2(sin0|  -sin0) 

p2  = p?  + 2 R2  (sin  0|  -sin0) 


-P? 


4R2  hln  0j  - sin  0) 
sin  0i  + sin  02 


+ 


This  reproduces  (4,2.30). 
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Tilt*  Albers  projection  Ims  been  used  extensively  In  geographic  utluses  to  portruy  arcus 
of  large  cust  to  west  extent.  The  two  stundurd  parallel  case  has  been  successfully  used  for 
maps  of  the  United  States,  since  distortion  is  u function  of  latitude,  und  not  longitude.  An 
estimate  of  the  distortion  inherent  in  this  projection  is  given  in  Chapter  7, 


4.3  Azimuthal  Projections  1 2 1 , |20|,  1 22] 

The  Azimuthal  Equal  Area  projections  may  be  polar,  equutoriul,  or  oblique  projections 
of  the  uuthulic  sphere  directly  onto  a plane.  Two  methods  of  derivation  of  the  polar  case 
will  be  considered.  Then,  It  will  be  noted  how  the  oblique  und  equatorial  cases  can  be  ob- 
tained by  the  rotutlonal  transformations  of  Chapter  2, 

The  Azimuthul  Equal  Area  polar  projection  (ulso  culled  the  Lumbert  Azimuthal  Equiva- 
lent projection)  cun  eusily  obtulned  from  the  Conical  projection  witli  one  stundurd  parallel 


by  setting  0 o = 90°  In  equations  (4.2,14)  und  (4.2, 1 7). 

0 » X (4.3.1) 

P - R v^Tl  “ sin  0) , (4.3.2) 

The  plotting  equations,  in  Cartesian  coordinates,  are,  including  the  scale  factor,  S, 

x « R • S v/2(l  -s'!n0)  sin  X (4.3.3) 

y “ - R • S I - sin  O')  cos  X . (4,3.4) 


The  result  of  plotting  these  formulas  (plotting  Table  4.3, 1 ) is  Figure  4.3. 1 . The  paral- 
lels urc  concentric  circles,  unevenly  spaced,  und  the  nieridiuns  ure  straight  lines,  The  distor- 
tion becomes  severe  as  the  equator  is  reached. 

The  second  way  to  derive  the  polar  case  Is  equally  brief.  The  area  of  the  segment  of 
the  uuthulic  sphere  surrounding  the  pole,  and  above  the  latitude  0 is 

A - 2rrR(R-  Rsln0) 

= 2ffR2(l  - Min  0) . (4,3.5) 

This  will  be  transformed  Into  a circle  of  radius  p with  area 

A = rr/u2  , (4. 3, ft) 


Equating  (4,3,5)  and  (4, 3.0) 


irp 2 - 2 rr K 2 ( I - sin  0) 

p = l<  v^TT-sliiT) • 


Equation  (4,3.2)  lias  been  duplicated, 
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TaWa  4.3.1.  Ailmuthal  Equal  Art*  Projection,  Polar  Cau. 


Equal  Araa  Aalmuthal 


Latitude* 

Longitude* 

X** 

Y** 

0.0000 

a. oooo 

4.020 

0.  0 00 

0.0000 

19.0000 

0.713 

2.  339 

0.0000 

30,0000 

7.612 

4.  910 

0.0000 

49.0000 

6.  179 

6.  376 

0.0000 

60.0000 

4,510 

7,  612 

0.0000 

75.0010 

2.  334 

5.713 

0.0  0 00 

00.0030 

-.003 

9.  0 20 

19.0000 

0.0000 

7.766 

0. 000 

19.0000 

15 .0  0 IQ 

7.501 

2.  010 

19.0000 

30,0000 

6.725 

3,  6*3 

10.0000 

45.0000 

5.491 

!.  491 

16.0000 

60.0000 

4.  863 

&.  7 29 

19.0000 

’9,0030 

2.010 

7. 101 

19.0000 

40,0000 

00Q 

7.  766 

ao.oooo 

o.ooon 

6.  376 

0.  000 

,10.0000 

15.0000 

0.161 

1. 651 

30.0000 

70.0000 

9,524 

3,  169 

30.0000 

45.0030 

■♦.910 

4.  510 

30.0000 

60.0010 

3,  169 

5.  524 

30.0000 

75.0000 

1.691 

6.  161 

30.0000 

Qo.onio 

-.000 

6.  778 

ai.cooo 

0.0010 

4.  68? 

0,  000 

49.0000 

15.0000 

4.715 

1,  263 

45.0000 

10.0000 

4,226 

2.  641 

-5 .0000 

40,(1010 

3.  492 

1.  452 

>♦5.0  000 

60.0310 

2.441 

4.  226 

•♦9,0  0 00 

’5,0000 

1.  261 

♦ .715 

45,0000 

40  .0010 

-.000 

4.65? 

60. DODO 

0.0000 

3.  301 

0,  000 

60.0000 

15.0000 

1.  169 

. 654 

60,30(10 

10.0030 

?.  859 

1.  651 

60.0000 

43.0010 

2,  314 

2.  335 

60 .1000 

10.0000 

1.  051 

?,  659 

bC . 1 010 

’i.ooro 

. 554 

».  1 89 

60.0000 

10.1000 

-.001 

1.  301 

r* .ouoo 

o.ooon 

1.6b« 

0.  000 

?!.roni 

r.isio 

1. bO* 

. 431 

7t . U 000 

30.3  0 1(1 

t.  442 

. * 1? 

7i , inro 

4o,ni"i 

1,177 

1.  177 

75.0000 

r o . o o o o 

,9  3? 

1.  44? 

75.0000 

79.0010 

. -31 

1.  f 09 

75.5  0 00 

90,0  0 "0 

-.  uoi 

1 . f b5 

10,0000 

0.0011 

.001 

0.  000 

00.0000 

15 ,1001 

. 000 

. 0 00 

10.0000 

7 0 , 0 0 • 0 

. 001 

. 000 

1 o . 0 o n o 

U5  , ,1  0 J 0 

. 0 I" 

, 000 

10.0000 

*■  0 . 3 0 ■>  1 

. 000 

. 000 

10.0000 

,0000 

. Oil 

. 0 00 

10  .rood 

“0.0010 

- . C 0 i) 

. 000 

4o  ■ «o° 

Xo  - 0° 

*Dagraat 

•*Maten 
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Thu  oblique  und  equatorial  cases  can  be  obtained  from  the  polar  case  by  applying  the 
rotutlons  of  Section  2.10.  This  has  been  done  In  generating  the  plotting  of  Tables  4.3.2  und 
4.3.3,  and  Figures  4.3.2  and  4.3.3.  For  Figure  4.3.3,  the  point  of  tungency  of  the  plune 
against  the  sphere  was  arbitrarily  chosen  ut  4S°  north  latitude. 

To  obtain  the  oblique  variation,  write  (4,3.3)  and  (4.3.4)  In  the  auxiliary  coordinate 
system. 


x “ R • S >/2 Cl  - sin  h)  sin  a 
y ■ R • S n/20  “ sin  h)  cos  a . 


From  (2,10.4)  und  (2,10,5) 


sin  h “ sinpsln^p  + cospcospp  cosX 


(4.3.7) 

(4.3.8) 


(4.3.9) 


eos^p  tun  0 - sln^pCosX 


a *»  tun“l 


cospp  tan P - sin fa  cos) 


Substitute  (4.3.9)  und  (4.3,10)  Into  (4,3,7)  and  (4,3.8), 

x * R • S ^2(1-  sin  <p  sin  fa  - cos  <t>  cos  eoxX) 

(uln  X V 

cos  <t> ,,  tun  0 - sin  0,,  cos  X / 
y - R • S -y/2”(  1 — sin  0 sin  0P  - cos  0 cos  0P  cos  X) 

X cos  tun  (CO8  0p  tan0  - sin0p  cosx) 


(4.3.10) 


(4.3.11) 


To  obtain  the  equutorlul  azimuthal  equal  urea  projection,  substitute  0<>  - 0°  Into 
(4.3.11) 


x = R • S • \/2(l  - cos 0 cosX)  sin  tan'1  j 

> , 

y = R • S ■ y/2 ( l - cos 0 cosX)  cos  tun'1 
The  formulas  for  the  distortion  In  the  polar  case  are  given  In  Chapter  7. 


(4.3.12) 


1 17 


Table  4.3.2.  Ailmuthal  Equal  Area  Projaotlon,  Oblique  Caw. 
Equal  Aria  Azimuthal,  Obllqua  Caia 


Latitude* 

Longitude* 

X** 

Y** 

c.ooco 

0.0000 

000 

•4. 682 

O'.  0 0 00 

30,0000 

3,  B5? 

• 4 , 350 

0.0000 

60.0000 

6.714 

-2. 741 

0.Q00Q 

OO.IJOOO 

9.  0 80 

. 000 

30.0000 

' 0.0000 

-.000 

-1.665 

30.0000 

30,0000 

2.  646 

-la  162 

30.0000 

60,0000 

6.251 

. 332 

30.0000 

90.0  000 

6,  71* 

?.  741 

6*0.0  0 00 

0,0000 

0,000 

1. 665 

60.0000 

30,0000 

1.  628 

1.  994 

60.0000 

60.0000 

2.920 

?.  937 

60.0000 

90.0000 

3.  b 5 2 

4.  350 

90.0000 

0,0000 

-.  000 

4.  662 

90.0000 

30.0000 

.000 

4.  662 

90.0000 

60.0030 

. 000 

4, 682 

90,0000 

90.0000 

.000 

4.  662 

do  - 48° 

•Dtgrati 

*0  - o’ 

••Matin 
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Tibia  4.3.3.  Aiimuthil  Equal  Aria  Promotion, 
Equatorial  Caia. 

Equal  Ana  Atlmuthal,  Equatorial  Cau 


Latltuda* 

Longltuda* 

0 .0  000 

0.0000 

0.0000 

19.00  30 

0.0  000 

tO.OOiiO 

0.0000 

49,0093 

0.0000 

40.0000 

0.0000 

*•5.0000 

0.0000 

90.0000 

to  .oooo 

0.0000 

le.oooo 

1* .0  000 

10.0000 

to, 0000 

10.0000 

45.0090 

If .0000 

60.0900 

IS. 0000 

75.0000 

IS. 0000 

90.000" 

30.0000 

0.0000 

30.0  000 

19.0000 

30.0000 

30.0000 

30.0000 

49.0090 

30.0000 

*9. 0000 

30.0000 

•9,0000 

30.0000 

90.1010 

H*  .0000 

J. 00(10 

4 5 .0  0 CO 

19.0000 

*6.0000 

30.0010 

49.0000 

-9.1000 

*9.0000 

60.0990 

*8  .0000 

79,0090 

45.0  000 

90.(1010 

60.0  000 

0,0000 

60, 0000 

10,0000 

60 .0  0 00 

30,000(1 

60.0000 

45.0000 

60.0  00(1 

f 0.3 090 

60.0000 

•5.00  0(1 

60.0000 

00.0000 

75.0000 

0.0000 

75.0000 

la  . 0 (10  U 

75.0000 

30.0  111  U 

75.0000 

4a  .0  0 0 0 

7* ,n one 

60 .00  10 

7?  . 0 0 00 

7a.  0 9 0 0 

75.0000 

90.0010 

90  .(1  0 00 

0,0000 

4 0. CO  00 

15  .0900 

40. 0000 

30.00)0 

90.0000 

4j  .00 nil 

90.0000 

60.0000 

90.0000 

•0.0900 

90.0000 

90.0  0 JO 

*0  - 0° 

Xq  - Oe 

X** 

yt« 

. 000 

. 000 

1.665 

, 000 

3.  302 

. 0 00 

4.662 

, 000 

6.  37* 

. 000 

7.76b 

, 000 

9,  020 

, 000 

3.000 

1. 668 

1.  62? 

t . 679 

3.  219 

1.  723 

4.749 

t.  800 

6,196 

1,  917 

7.527 

2,  068 

8.713 

2.3  38 

0.000 

3.302 

1.492 

3.  328 

2 . 9 # 3 

3.409 

4.350 

3.  562 

9.691 

3, 768 

(i«  820 

4.  076 

7.  812 

4.810 

0,  000 

4.  662 

1.27? 

4.916 

2,511 

*,023 

3.682 

5.  206 

4.743 

5.46? 

6.  664 

9.  664 

6.  J7 8 

6.  376 

0.  000 

8.  3 76 

.959 

9.415 

1.834 

4.  8 ’6 

2.  741 

4.714 

3.*93 

9.  967 

4,  099 

i . 381 

4,510 

7.  6 12 

0.  300 

7.  766 

, 540 

».  703 

1.  05t 

?,  67! 

1 . a 1 * 

•.0  11 

1.902 

t.  196 

7.18  1 

*.4  35 

2.  33- 

«.?  13 

-.0  00 

?.  020 

,00P 

9.  020 

. 001 

a.  070 

. 001 

9.  020 

. 000 

a.  020 

. 000 

0.  020 

.000 

a.  020 

•Oagraw  **Matar« 
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4.4  Bonne's  Projection  |2|,  |8|,  [20j 

Bonne’s  projection  is  a modified  conical  equal  urcu  projection.  The  only  straight  line 
in  the  map  is  the  central  mcridlun,  which  is  a section  or  the  cone  and  the  central  mcridlanal 
plane. 

On  the  uuthatie  sphere* 

ds3  * R3d 03  + R3cos30dX3 

e - R3  1 

\ ■ (4.4.1) 

g * R3  cos1 0 J 

In  the  plane,  a polar  coordinate  system  has 

ds1  “ dp1  + p3  dfl3 

E - 1 1 

} • (4.4.2 

O * p1  J 

The  condition  for  equivalency  of  area  is 

I M K 


(4.4.2) 


eg  - I'3  B 


0£  (ip 
H El  30  3\ 


(4.4,3) 


F (t  | 30  30 

< )0  3X 


On  the  sphere,  ( - 0.  On  the  plane,  lf  - 0 on  the  central  meridian.  Substituting 
these  Into  (4.4,3) 


eg  = ECi 


The  radius  of  the  parallel  circle  of  latitude  0 is 


3e 

3p 

30 

3X 

a o 

30 

30 

3X 

(4.4.4) 


I'V 

p - Po  - R d 0 . 

’0o 


(4.4.3) 


Prom  (4.4.5) 


■ -R 


Substituting  (4,4. 1 ),  (4.4.2),  and  (4.4.6)  into  (4.4.4). 


-R  0 


R4  cos1  $ n P2  m a o 

bp  ax 


w (tx) 


R cos  <t>  - p 


Convert  (4.4.7)  into  un  ordinary  differential  equation,  and  integrate. 

R cos0  dX  * p d0 
XR  cos0  “ pO  - o' 

XR  cos0 

» " — p + 

The  constant  c is  zero  if  the  condition  is  imposed  that  X * 0 when  0 « t). 

. XR  cos  $ 


In  Chapter  1,  It  was  noted  thut  fora  conical  projection,  tangent  to  a sphere, 

po  = R cot  • 

Carrying  out  the  Integration  of  (4.4.5) 

p “ Po  •"  R (<t>  "M  ■ 


i J lii 


” •*•»■*** 


(4.4.11) 


Substitute  (4,4.9)  into  (4,4,10). 

I f 

p “ R cot0o  ” R(0“0o) . 

i 

The  Cartesiun  plotting  coordinates  follow  simply,  with  y-axis  as  the  central  meridian, 
und  the  origin  corresponding  to  0o,  from  (4,4.8)  and  (4.4,1 1). 


y = S 


„ . , / XR  cos  0 \ 

R cot  0o  “ P «os  I — jj—H 


(4.4.12) 

(4.4.13) 


where  S is  the  scale  factor  und  X is  in  radians. 

The  Donne  projection  cannot  be  generalized.  It  applies  to  a specific  cuse,  with  u sped* 
fled  standard  purullel,  0o.  In  order  to  demonstrate  the  projection,  u plotting  table  for 
0o  = 45  hus  been  pluced  in  Table  4.4. 1 , 

The  Bonne  projection  hus  been  used  as  u military  map  by  France. 

The  grid  itself  is  given  in  Figure  4,4, 1 . Note  the  curvuture  of  the  meridians,  und  the 
fact  that  the  parallels  of  latitude  ure  concentric  circles. 
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Tabla  4.4.1.  Bonnt  Equal  Araa  Projaotlon. 


Bonna 


Latltuda* 

Longituda* 

X** 

Y»» 

0.0  0 00 

0.0000 

0.  000 

•5.  0 09 

0.0000 

15.0000 

1.  664 

•4.  887 

0 .0000 

30.0000 

3.  292 

-4.5  23 

0.0000 

45.0000 

4.  649 

-3.925 

0.0  0 00 

60.0000 

6.  303 

•3.  106 

0.0000 

75.0000 

7.  521 

•2,083 

0.0  000 

90,0030 

8.  775 

- . 679 

IE. 0000 

o.ooon 

0.  000 

-3.  340 

15.0000 

15.0000 

1.  60b 

• 3.  2 06 

15.0000 

30.0000 

3.  167 

• 2 . 8 09 

15.0000 

45.0000 

4.  641 

•2.160 

15.0000 

60.0000 

5.  986 

• 1 i 275 

15.0000 

75.0000 

7.  170 

“.181 

15.0000 

90.0000 

8.  155 

1.  094 

30,0000 

0.0000 

0.  000 

- 1 . 6 70 

3 0 , 0 0 00 

15.0000 

1.  43 8 

•1.540 

30.0000 

30.0000 

2.  830 

-1.156 

30.0000 

45.0000 

4.  131 

-.529 

30.0000 

60.0000 

5.  299 

, 321 

1 

30.0000 

75.0000 

6.  296 

1.  366 

30.0000 

90.0000 

7.  091 

7,572 

] 

1,5.0  000 

0.0030 

0.  000 

.0  00 

♦ 5. 0 0 00 

15 .0000 

1.  174 

, 109 

45.0000 

30.0000 

2,  308 

.432 

,5.0  000 

45 .0  000 

3.363 

, 959 

, 

45.0000 

60.0000 

4.  303 

1.670 

• 

:! 

45.0000 

75 .0  000 

5.  096 

2.543 

45.0000 

90 .0  030 

5.  715 

3,  546 

: 

60.0000 

0.00  00 

0.  000 

1.670 

! 

6 0 .0  0 00 

15  .0  0 30 

. 831 

1.  744 

! 

60.0000 

30.3000 

1.  635 

1.  963 

| 

60.0080 

45.0000 

2.  388 

2.  320 

60.0000 

60.0000 

3.  066 

2.  8 05 

6 0.0  000 

75 .0000 

3.  649 

J.  402 

60.0000 

90.0000 

4.  116 

'4  * 0 93 

■l 

do  ■ 46° 

•Dtgraai 

X0  - 0° 

••Matar* 

Mum-/'  d 


iiifi'tiiim.iiiriiii  Hill  idYiiiliiiiTm 


'MW'J 
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4.5  Cylindrical  Projection  (2) , 1 15] . (20) , [22] 

In  tills  projection,  the  meridians  and  parallels  are  straight  lines,  perpendicular  to  one 
another.  The  lines  representing  the  meridians  are  equally  spaced  along  the  equator.  It  re- 
mains to  space  the  parallels  according  to  the  requirement  that  an  area  on  the  projection  Is 
equal  to  the  corresponding  area  on  the  authalic  sphere, 

Since  the  meridians  are  perpendicular  to  the  equator,  and  equally  spueed,  the  ubsclssu  Is 

x » R • S • (X-Xo)  (4.5. 1) 

where  S is  the  scale  factor,  and  X and  Xo  are  in  rudians,  The  longitude  of  the  central 
meridian  is  Xo, 

Consider  the  projection  from  the  authalic  sphere  to  a plune,  rcctungulur  coordinate 
system.  For  the  plane 


ds2  = dx2  + dy2 
F « 1 1 

0 « 1 J 


(4.5.2) 


For  the  sphere 

ds2  83  R2  d02  + R2  cos2  dXJ 
e * R2 

g ® R2  cos2  0 . 

The  condition  for  equivalency  of  area  Is,  ugain 


eg  - f2 


F F 
F Cl 


9y 

Oy 

00 

OX 

Ox 

Ox 

00 

OX 

Since  both  systems  are  orthogonal,  f = F = 0.  Substituting  this  into  (4,5,4) 

<0y  Oy  2 
O0  OX 

Ox  Ox 
00  OX 


(4,5.3) 


(4,5,4) 


eg  = FCi 


(4,5.5) 


From  (4.5,1),  and  omitting  the  scule  factor, 


3x 

30 


0 


3x 


R. 


(4.5.6) 

(4.5.7) 


Substituting  (4.5.2),  (4.5.3),  (4,5.6),  and  (4,5.7)  into  (4,5,5) 

lay  9y|2 


R4  cos2  0 


30  3X 
0 R 


R2 


fiy\2 

30/ 


ay 

30 


R cos  0 


(4.5.9) 


Integrating  (4,5.9) 

y = R sin  0 + c , (4,5.10) 

The  constant  c in  (4.5. 10)  can  he  zero  by  selecting  the  origin  on  the  equator.  Including 
the  scale  factor,  (4,5. 10)  becomes 


y - R • S sin 0 . (4,5.1 1) 

The  same  result  cun  be  obtained  in  a different  manner.  The  urea  of  the  zone  below 
lutitude  0 on  the  uutluilic  sphere  is 

A = 2rrR2  sin0  . (4,5.12) 

The  ureu  on  a cylinder  tangent  to  this  sphere  at  the  equutor  is 

A = 2»rRy  . (4.5, 13) 


2ffRy  = 2ttR2  sin  0 
1 = R ! 


liquating  (4,5,12)  and  (4,5,13) 
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This  duplicates  (4,5, 1 1 ).  The  second  method  was  the  one  originally  employed,  and  gave  the 
projection  its  name, 

The  grid  resulting  from  (4.5.1)  and  (4,5.1 1)  is  given  In  Figure  4,5.1.  Observe  that  dis- 
tortion is  intense  ut  higher  latitudes,  and  the  projection  can  be  of  real  service  only  near  the 
equutor.  This  consideration  has  limited  the  usefulness  of  the  projection.  Table  4.5. 1 gives 
the  plotting  coordinates.  This  projection  is  also  graphically  constructed. 

This  projection  can  be  made  oblique  by  applying  the  rotntion  formulas  of  Chapter  2, 

If  this  is  done,  the  area  adjacent  to  the  great  circle  tangent  to  the  cylinder  has  a region 
fairly  free  of  distortion. 
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Tabla  4.6.1.  Cylindrical  Equal  Araa  Projaotlon. 
Equal  Araa  Cyllndrloal 


Latltuda* 

Longltuda* 

X** 

y.t 

0.0000 

0.0000 

0.000 

0.  000 

0.0  000 

30.0000 

3.340 

0.  000 

0.0000 

60.0000 

6.679 

0.  000 

0.0000 

90.0000 

10. 019 

0.  000 

0.0000 

120.0000 

13.359 

0.  000 

0.0000 

150.0000 

16.696 

0.  000 

0.0000 

160.0000 

20,036 

0.  000 

30.0000 

0.0010 

0.  000 

3.  169 

30.0000 

30.0090 

3.340 

3.189 

30.0  0 00 

*0.0000 

6.  679 

3,  169 

30.0000 

90.0000 

10.019 

3.  189 

30.0000 

120.0000 

13. 359 

3.  169 

30.0000 

150,0000 

16. 696 

3,  169 

30.0000 

160.0000 

20.  039 

3. 169 

60.0000 

O.OOflO 

0.  000 

5.  524 

60.0000 

30.0000 

3.  340 

5,  524 

60.0000 

60.0000 

0.679 

6.  524 

bO.OOOO 

90.0000 

10. 019 

5.524 

6 0.0  0 00 

120.0000 

13. 359 

3.524 

60.0000 

160.0000 

16.696 

3.524 

60.0  U00 

160.0000 

20. 036 

5,5  24 

9 0.0  0 00 

0.0000 

0.  000 

6.  376 

90.0000 

30.0000 

3.  340 

6.  376 

90.0  000 

60.0000 

6.  679 

6. 378 

90.0000 

90.0000 

10. 019 

6.  378 

90.0000 

120.0000 

13. 359 

6.376 

90.0000 

150.0090 

16.  696 

6«  376 

90.0000 

160.0000 

20. 038 

6.  374 

#0  " 0°  *Dtgraai 
X0  • 0"  **Matan 
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4.6  Sinusoidal  Projection  [81 , ( 15] , |20| 

The  Sinusoidal  projection,  ulso  culled  the  Sunson-Flumsteed  projection,  is  a projection 
of  the  entire  uuthalle  sphere.  Essentially,  it  is  derived  from  the  Bonne  projection  by  setting 
4>n  » 0,  Then,  p approaches  Infinity. 

On  the  uuthalJc  sphere, 


ds2  = R2  d02  + R2  cos2  <p  dX2 


e “ R2 

g ■ R2  cos2  0 J 
On  the  plane,  in  Cartesian  coordinates, 

ds2  “ dx2  + dy2 
Li  - I * 

• , 

G ■ 1 , 

On  the  sphere, 

f * 0 

and  along  the  central  meridian, 

t . 

F = 0 . 

The  c<|uul  area  condition  is 


eg  - f? 


I'.  F 
F G 


Dx 

Dx 

D0 

DX 

Dy 

Dy 

D0 

DX 

(4.6.1) 


(4.6.2) 


(4.6.3) 


(4.6.4) 


(4,6.5) 


Along  tlic  meridian 


y » Rip. 


(4.6.6) 


Therefore, 


9y  n 

— a R 

30 


(4.6, '7) 


Substitute  (4.6.1),  (4.6.2),  (4.6,3),  (4.6.4),  and  (4,6.7)  into  (4,6.5). 

9x  3x  2 

R4  COS2  0 - d<t>  ^ 

R 0 


R™*-fr 

Convert  (4.6.8)  into  an  ordinary  differential  equation,  and  integrate. 

dx  =*  R cos  0 dX 


Since  x * 0,  when  X ■ 0,  c 33  0. 


From  (4,6,6) 


x *»  \R  cos0  + c . 


x * XRS  cos  0 ■ 


y * R • S • 0 , 


(4,6.8) 


(4.6.9) 


(4.6,10) 


Figure  4.6. 1 Is  u Sinusoldul  projection  of  the  eurth.  All  of  the  parallels  arc  straight 
linos.  The  meridluns  ure  sinusoidal  curves.  The  central  meridian  and  the  equator  are  straight 
lines. 

The  Sinusoidal  projection  is  used  for  geographical  roups,  The  distortion  at  extreme 
latitudes  and  longitudes  is  simply  ignored.  A plotting  table  is  in  Table  4.6. 1 , 
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Tibi*  4.8.1.  Slnuioldal  Promotion. 
Slnuioldal 


Latitude* 

Longitude* 

X** 

Y*. 

0,  0 00  0 

o.ouoo 

0.000 

0.000 

0. 0Q0Q 

30.0000 

3.340 

0.  000 

0.0  000 

60. 0000 

6*679 

0.0  00 

0.  0 000 

90.0000 

10.019 

o.  o no 

0.  0 000 

120.0000 

13.359 

0.  000 

0.0  000 

llvO.OQOO 

16.696 

0.000 

0.0  00  0 

100.0000 

20.036 

0,000 

30.  Q 00  0 

0.0000 

0.000 

3.340 

30.0  000 

30.0000 

2.892 

3,340 

30.000  0 

60.0000 

6. 76* 

3.  340 

30.  0 000 

90.0000 

8.67* 

3.340 

30.  0000 

120.0000 

11.569 

3,  340 

30.0000 

160.0000 

14.461 

3.340 

30.  0 000 

100.0000 

17.353 

3.340 

bo.oooo 

0.0000 

0,000 

6.679 

60.0  000 

30.0000 

1.670 

6.679 

60.  0 00  0 

60.0000 

3.340 

6.679 

60.  0 00  0 

90.0000 

5.009 

6.679 

60.0000 

120.0000 

6.t>79 

6.679 

60. 0 00  0 

160.0000 

0.349 

6.679 

60.  0000 

160.0000 

10.019 

6.679 

90.0000 

0.0000 

0.000 

10.019 

90.  UQQ0 

30.0000 

>.000 

10.019 

90.0000 

60.0000 

000 

10.019 

90.0  000 

90.0000 

-.000 

10.019 

90. 000  0 

120.0000 

-.000 

10,019 

90.  1)000 

150,0000 

-.000 

10.019 

90.0000 

160.0000 

-.000 

10.019 

4o  ■ 0*  'OtfrNi 

X0  - 0s  ••Mater. 
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4.7  Mollwelde  Projection  | I 5| , |22| 

The  Mollwelde  ( Elliptic)  projection  of  the  nutltullc  sphere  is  derived  from  the  construc- 
tion in  Figure  4,7,1,  All  of  the  meridians  are  ellipses.  The  central  meridian  Is  a rutilineur 
ellipse,  or  straight  line,  and  the  90°  meridians  are  ellipses  of  eccentricity  zero,  or  circular 
arcs.  The  equator  and  parallels  are  straight  lines  perpendicular  to  the  central  meridian.  The 
central  meridian  and  the  equator  are  true  length. 

The  main  problem  In  this  projection  Is  spacing  the  parallels  so  that  the  property  of 
equivalence  of  urea  is  maintained,  To  do  this,  apply  the  law  of  equal  surfuce  from  the 
uutluillc  sphere  to  the  planar  map. 

The  area  of  the  circle  centered  ut  0 Is 

Ai  = zrr2 . (4,7,  H 

This  is  to  be  equal  In  area  to  a hemisphere 

A|  * 2ffRJ . (4.7.2) 

Equating  (2.7.1)  und  (4.7,2) 

jrr*  - 2trRJ 

r*  » 2R*  (4.7,3) 

r « >/T  R.  (4.7.4) 

Consider  Figure  4.7, 1.  The  area  between  latitude  0 on  the  sphere,  and  the  equator  is 

A B 2rrR2  sin0  . (4.7,5) 

Tills  urea  is  equal  to  the  area  All  FI  on  the  figure.  For  a circle  Inscribed  within  an  ellipse, 
whore  the  radius  of  the  circle  is  one  half  of  the  semi-major  axis  the  urea  1)0011  equals  one 
Irulf  of  the  urea  Al'.FI  (17].  Consider  half  of  the  area  BIXIII,  that  Is  area  CDCiO,  This  area 
Is  composed  of  the  triangle  CK’D  and  the  sector  01X1.  The  urea  of  the  triangle  is 

A a * lr  r sin  0 r cos  0 

m 

" sin  20  . (4,7,(>) 

The  urea  of  the  sector  Is 


(4.7.7) 


Kquate  the  spherical  area  ami  the  map  area  through  (4.7,5),  (4, 7. ft),  ami  (4.7.7), 


2ttRj  sin <t>  = 4 r5  0 + rz  sin 20 


7rR2  sin  0 *-  rJ  0 + rJ  sin  20 


(4.7.8) 


Substitute  (4.7.3)  into  (4,7.8). 


trRJ  sin <p  - 2R2G  + RJ  sin  20 


w sin  0 - 20  + sin  20  . 


(4.7.')) 


We  urc  now  faced  with  u transcendental  equation  to  be  solved  for  0.  I'or  limited 
accuracy,  a graph  ofO  versus  0 can  he  constructed,  as  In  Hgure  4,7,2,  and  values  of  0 read 
lor  given  values  of  0.  However,  for  computer  implementation  of  this  projection,  it  Is  neces- 
sary to  resort  to  a numerical  solution, 


Apply  the  Newton-Ruphson  method  1 1 4 1 . Write  (4, 7,'))  as 


Differentiating  (4,7,10) 


f(0)  » 7i  sin  0-2 0 - sin  20  ~ 0 


f(0)  - -2  - 2 cos  20  , 


(4.7,10) 


(4,7,1  I) 


The  Iterative  solution  of  (4.7.d)  for  0 as  a function  of  0 is 


, + 1 " 
Substitute  (4.7.10)  and  (4.7,1 1 ) Into  (4.7,1  2), 


(4,7,12) 


0-n  +!?inA:  2\  ".sin 

* ~ 2 + 2 cos lfln 

where  ()„  is  In  radians.  This  lias  a rapid  convergence  If  the  Initial  guess  for  0 Is  the  given 
value  of  0. 

Once  0 Is  found,  the  mapping  equations  quickly  follow  from  1‘lgurc  4,7.1. 


y ~ R • S sin  II 


(A  ~ An ) , . 

X — | K'jv — ,V>  ‘ 


(4,7,13) 


(X  ~ h)) 


RS  cos  0 


(4,7.14) 


where  r is  given  by  (4,7.4),  S is  the  scale  factor,  ami  X amt  Xo  is  in  rudluns,  The  central 
meridian  lias  longitude  X0. 

The  result  of  applying  (4,7.13),  (4,7,14),  and  the  iteration  is  the  grid  of  Figure  4,7,3, 
The  distortion  towurds  the  poles  is  not  as  great  us  in  the  Sinusoidal  projection,  but  it  is  more 
noticeable  than  in  the  Hummer-Altoff  projection.  The  chief  use  of  the  Mollweide  projection 
is  for  geographical  Illustrations  relating  to  area,  where  distortions  are  not  disturbing, 

Plotting  tubles  for  the  Mollweide  projection  are  given  In  Table  4.7.1.  Latitudes  0°  to 
90°,  in  steps  of  30°,  and  longitudes  0°  to  1 80®  In  steps  of  30°,  ure  tubulated. 
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Tab!*  4.7.1.  Mollweld*  Projection, 
Mollwelde 


latitude* 

Longitude* 

0,0000 

0,0000 

0.0000 

30.0000 

0,0000 

60.0000 

0.0000 

90.0000 

0,0000 

120.0000 

0.0000 

1*0.0000 

0.0000 

160.0000 

30.0000 

0.0000 

30.0000 

30.0000 

30.0000 

60.0000 

30.0000 

90,0000 

30.0000 

120.0000 

30.0000 

160.0000 

30.0000 

160.0000 

60.0000 

0.0000 

60.0000 

30.0000 

60.0000 

* o.oooo 

60.0000 

90,0000 

60.0000 

1?Q,0UQC 

60.0000 

150.0010 

60.0000 

190.0000 

90. 0000 

0,0000 

90.0000 

30 .0010 

90.0000 

60.0000 

90 .0  0 00 

90  . 00  00 

90,0000 

120.0000 

90.0000 

1*0.0000 

90 .0000 

190.0000 

X** 

V** 

o.  boo 

0.  000 

3.  340 

0,  0 00  ' 

6.679 

0.  coo 

10. 019 

0.  000 

13.359 

0,  000 

16.698 

0.  000 

20.039 

0.  000 

0.  000 

4.  047 

3.055 

4.  047 

6.110 

4.  047 

9.165 

4,  047 

12.220 

4.  047 

15. 275 

4.  047 

16.330 

4,  047 

0.  080 

7,  636 

2. 161 

7.636 

4.32? 

7.636 

6.  48! 

r,  636 

8.644 

7.638 

10.806 

7.  b 36 

12,96? 

’,6  38 

0.000 

10. '018 

0.000 

10.  0 18 

0.000 

10.018 

0.  000 

10.016 

0,  000 

10.  0 18 

0.000 

10. 018 

0.  000 

10.  016 

An  - 0° 

X0  • 0°  ••Meter* 


■i>  .1  .^juitMi*i.  ■ • • ...Ann-i.4.  1u*»-  . uafjn 
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4.8  Parabolic  Projection  [81,  (IS],  |22] 

The  Parabolic  (Craster)  projection  of  the  entire  world  is  shown  in  Figure  4.8. 1 . The 
purullels  are  straight  lines  parallel  to  a straight  line  equator.  The  meridians  are  parabolic  urcs. 

The  Parabolic  projection  can  be  constructed  from  consideration  of  Figure  4,8,2,  Lot 
the  equator  be  four  units  of  length.  Then,  the  central  meridian  Is  two  units.  A scale  factor 
will  be  applied  at  the  end  of  the  derivation  to  convert  the  assumed  unit?  to  the  equatorial 
circumference,  At  present,  R is  the  radius  of  the  authallc  sphere. 

Consider  the  shaded  area  in  Figure  4.8.2,  bounded  by  an  outer  meridiun,  the  central 
meridian,  and  the  equator,  The  outer  meridian  is  taken  to  be  a parabola,  y2  * x/2,  with  its 
vertex  at  (0, 0).  The  mapping  criterion  requires  that  one  quarter  of  the  area  on  the  authallc 
sphere  will  be  equivalent  to  the  shaded  area  between  x ■ 0,  and  x ■ 2.  Thus,  one  half  of  the 
zone  between  the  equator,  and  a given  parallel,  0,  will  be 


fy  (2-x)  dy 
•o 

fy  (2  - 2y2)  dy 


-iyJ 


2y  — y3  • 


(4.8.1) 


The  total  urea  of  the  sphere  is  4irR2,  Substituting  tills  value,  and  y = I into  (4,8.1) 


?rR2  = 4/3 


(4.8,2) 


* 0.651470 , 

Next,  relate  the  map  ordinate  to  authulic  latitude.  The  area  of  a zone  on  the  authallc 
sphere  from  the  equator  to  latitude  0 Is  2ffR2  sin  0.  I lalf  of  this  zone  is  then 


A = rrR2  stn0  . 


(4,8,3) 


liquate  (4,8,1 ) and  (4,8,3) 


2y  - ~ y*  ttR2  sin0  . 


(4,8,4) 


IBiUMir'i 


<r. ra 


w.TfcS4r.i^iiMJwm 
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Substitute  (4,8.2)  into  (4.8.4). 

2y  - y y5  "3*  sin 0 

y3  - 3y  + 2 sin  0 = 0. 

A solution  of  tills  transcendental  equation  is 

y * 2 sin  <0/3  (4,8.5) 

which  cun  be  verified  by  substitution.  A scule  fuctor,  S.  and  radius,  R,  may  be  introduced 
Into  (4.8,5)  to  obtain  the  ordinate. 


y = 2S  sin  0/3  * R . (4.8.6) 

The  abscissa  may  be  obtained  by  the  following  development.  The  length  of  a parallel 
between  the  central  nieridiun  and  the  outer  meridian  Is  given  by 

fi  “ 2 - 2yJ . (4.8,7) 

Substitute  (4,8.5)  Into  (4.8.7), 


e » 2(1  ~4  sin2 0/3) 
a 2 (\  +2  cos  - 2 j 

■ 2 (2  cos  -f  - ij.  (4.8.8) 


The  parallels  are  divided  proportionally  for  the  Intersections  of  the  meridians,  I 'rum 
(4,8,8).  and  Including  the  scale  factor,  S.  and  radius  R. 


x * 


(X  - \|) ) 

,_r_ 


V S • R 


(X  - Xo) 
TO 


SR 


(4.8.1)) 


In  (4,8.')),  X - Xu  Is  the  difference  In  longitude  between  the  given  meridian  and  the  central 
meridian.  In  degrees. 

Since  this  Is  an  equul  area  projection.  Its  use  Is  for  statistical  representation,  No  attempt 
in  made  to  avoid  distortion  in  angles  and  shapes,  However,  the  distoitiou  is  less  than  in  the 
Mollweide  projection  because  the  meridians  and  parallels  do  not  intersect  at  such  acute 
angles.  Also,  the  symmetry  and  parabolic  curves  lend  a certain  aesthetic  quality. 


Equations  (4,8.6)  and  (4.8,9)  have  computed  in  Table  4.8.1.  This  table  gives  the  long!* 
tude  from  0°  to  1 80®  In  steps  of  30®,  and  latitude  from  0®  to  90°  In  steps  of  30®. 


Table  4.8.1.  Parabolic  Promotion. 


Parabolic 


Latitude* 

Longitude* 

O.U  1100 

0.0000 

0.0000 

30,0000 

0.0  0 00 

po.oooo 

0.0000 

90.0000 

0.0000 

120,0000 

0.0  000 

if  0,0  oa  o 

0.0000 

ino.oooo 

30 .0  0 00 

0.0000 

30.0000 

30.0000 

30.0000 

60.0000 

30.0000 

90.0000 

30.0000 

120.0000 

30.0  0 00 

190,0000 

30 .0  000 

160,0000 

6 0.0  OOP 

0.0000 

60.0000 

30.0000 

60.0000 

60,0000 

60.0  000 

Q0.0QQ0 

60.0000 

120.00  00 

60.0000 

150.0000 

6 0.00  00 

160.0000 

<30.0  000 

0.0000 

90.0000 

10.0000 

9 0.0000 

60.0000 

90.0000 

90.0000 

90.0000 

120.0000 

90.0000 

160.0000 

90.0000 

1*0.0000 

do  - o® 

'Degrees 

Xo  • 0° 

••Meters 

X*» 

y«« 

0,000 

0.  000 

3.340 

0.  000 

6.679 

0.  0 00 

10.019 

0.  000 

13.359 

0.  0 00 

16.696 

0.000 

20.036 

0,  0 00 

O.'OOO 

1*480 

2.937 

3. 460 

5,874 

3.480 

8.810 

3.  *80 

11.747 

3. 480 

14,66* 

3.460 

17.621 

3, 460 

0,  000 

5.  653 

1, 777 

5.  853 

3.554 

8*653 

5.  331 

6.653 

7.1Q6 

8.  653 

8 , tt  65 

6.653 

10.662 

5.  853 

0,  000 

10.  019 

-.000 

10.  019 

-.  000 

10.  019 

-.000 

10.  019 

-.  000 

10. 019 

-.000 

10,  019 

-.  001 

10.019 

. uni', 


147 


4.9  Hammer-Aitoff  Projection 

The  Hammer-Aitoff  projection,  shown  in  Figure  4.9.1 , is  derived  by  a mathematical 
manipulation  of  the  Azimuthal  Equal  Area  projection  of  Section  4.3.  In  the  Hammer* 
Aitoff  projection,  the  sphere  is  represented  within  an  ellipse,  with  semi*major  axis  twice 
the  length  of  the  semi-minor  axis.  In  tills  respect,  it  is  similar  to  the  Mollweide  projection. 
However,  in  the  Hammer-Aitoff  projection,  the  parallels  are  curved  lines,  rather  than 
straight. 

The  grid  of  meildlans  and  parallels  is  obtained  by  the  orthogonal  projection  of  the 
Azimuthal  Equal  Area  projection,  Equatorial  Case,  onto  planes  making  angles  of  60°  to  the 
plane  of  the  Azimuthal  projection. 

Figure  4.9.2  demonstrates  the  means  of  projection.  In  this  figure,  we  are  looking  upon 
the  edges  of  the  planes,  which  appear  as  straight  lines.  Since  the  angle  between  the  planes 
is  60®,  DO  * 2AO,  and  OB  ■ 20C.  Thus,  the  total  length  DO  plus  OC  is  entire  equutor,  as 
AB  is  half  of  the  equator,  It  is  assumed  that  for  the  Hammer-Aitoff  projection  the  total 
map  of  the  authalic  sphere  is  obtained  by  unfolding  DO  and  OC  into  a plane  DOC,  with  0 
as  the  position  of  the  central  meridian. 

In  this  projection,  the  ordinate  is  not  modified  from  a comparable  point  on  the  Azi- 
muthal Equal  Area  projection. 

Converting  to  the  coordinates  of  the  auxiliary  system  (4.3,3)  and  (4.3.4)  become 


x « R • S • v^'O  -sln'h)  sina 
y ■ R ■ S • " sin  h)  cos  a . 


(4.9.1) 

(4.9.2) 


From  (2.10.4)  and  (2.10.5),  forpo  ■ 0° 


sin  h ■ cos  0 cos  Xg 


sin  X. 

•“  “ ■ w* 


a ■ tan 


-i  /,ln  M 
\ tan  0 / 


(4,9,3) 


(4.9.4) 


where  X,  Is  the  latitude  on  the  azimuthal  projection, 

Substitute  (4,9,3)  and  (4,9.4)  into  (4,9,1)  and  (4,9,2),  uml  let  X„  * X/2. 


x = 2 • R • S 


- COS  0 cos 


[--(« 


(4,9,5) 

Continued 


■8 
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y 


R • S >/2(l  - cos  0 cos  \/2)  cos 


(4.9.5 


Equations  (4.9.5)  gave  the  plotting  relationship  of  Tuble  4.9,1, 

That  the  area  enclosed  by  the  ellipse  of  the  Haninier-Aitoff  projection,  corresponding 
to  the  entire  sphere,  Is  twice  the  area  of  the  Azimuthal  projection,  corresponding  to  u 
hemisphere,  follows  easily  from  the  geometry  of  the  ellipse  with  a circle  of  the  radius  of 
the  semi-minor  axis  Inscribed  ( 17] , 

In  Figure  4.9.1,  the  central  meridian  and  the  equutorure  the  only  straight  lines  in  the 
grid,  The  rest  of  the  meridians  und  parallels  are  curves,  The  curvature  of  the  parallels  with 
respect  to  the  mcridluns  is  such  that  there  is  less  ungular  distortion  than  appears  at  higher 
latitudes,  und  more  distunt  longitudes  in  the  Mollwcide  projection. 

The  Hummcr-Altoff  projection  Is  used  prlnturily  for  statistical  representation  of  data. 
The  distortion  that  occurs  Is  overlooked. 
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Tabla  4.0.1.  Hammai-Altotf  Promotion, 


Hammar-Altoff  Projactlon 


Latltuda* 

Longltuda* 

x*# 

Y*. 

0.  0 00  0 

0.0000 

.000 

. 000  i 

0. UOO  0 

30.0000 

3.330 

. 000 

o.oggu 

60.0000 

6.603 

, ooo 

0*  0 000 

90.0000 

9.763 

.POO 

Q.  0 000 

120.0000 

12.  75o 

,0  00 

0.0  000 

It  0.0  00  0 

IE. 531 

. 000 

0. 0000 

toO.OOOO 

16.040 

. 0 00  1 

30. 0000 

0,0000 

O.  000 

3.302  \ 

30.0  00  0 

30.0000 

2.964 

3.329  ’ 

30.0  00  0 

60. 00  0 0 

5.  905 

3,409 

30.0000 

90.0000 

9.700 

3.55?  | 

30.  0 00  0 

120.0000 

11.303 

3.768  | 

30.  0 00  0 

1 v 0 . 0000 

13.640 

4,076  $ 

30.0000 

160.0000 

15,623 

4,  *1,0  $ 

60,0  000 

0.0000 

0.000 

6.378  'i 

O0.  0 00  0 

30.0000 

1.  917 

6.415  '* 

60,0  00  0 

60.0000 

3.767 

6.526  •! 

60.  0 00  0 

90.0000 

5.492 

6.714  i; 

60 . 0 00  0 

1 2 0 , 11 0 0 0 

6.987 

6,987 

60. 0000 

150.0000 

8.199 

7.351, 

60. 0000 

lao.oooo 

9.0  20 

7.012  '■! 

90.  0 00  0 

0,0000 

-.000 

9,  020  !| 

90. 0000 

30.0000 

.000 

9.0  20 

90. 0 00  0 

60.0000 

. 000 

9.  020 

90.0  000 

90.0000 

.000 

9.  020 

90.0  00  0 

1 20 , u 00  0 

.000 

9.020  I 

90.0000 

iso.ooon 

.000 

9.  020  ii 

90, 0 000 

1 9 o . a o o r 

.0  00 

o.O?  0 l 

do  - 0° 

*Dagraai 

1 

Xq  ■ 0° 

♦•Matari 

. If 

i. 

• i: 
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4.10  Interrupted  Projections  1 22  ] 

Interrupted  projections  of  the  authallc  sphere  ure  a means  of  reducing  maximum  dis- 
tortion at  the  expense  of  continuity  of  the  map.  Figures  4.10.1, 4.10.2,  and  4. 10.3  show 
Interrupted  Sinusoidal  Mollwelde,  and  Parabolic  projections,  respectively, 

Certain  meridians  ure  chosen  as  reference  meridians,  which  are  straight  lines.  The 
equator  Is  also  a straight  line.  Then  other  meridians  ure  chosen  whore  the  breaks  will  occur, 
Note  that  it  Is  not  necessary  for  reference  meridian  to  appear  in  both  hemispheres.  One  can 
choose  u half  meridian  In  either  hemisphere. 

The  parallels  are  spaced  In  the  same  manner  as  in  the  regular  Sinusoidal,  Mollwelde 
or  Parabolic  projections.  The  difference  comes  In  the  method  of  handling  the  spacing  of  the 
meridians,  liuch  reference  meridian  becomes  the  axis  of  the  coordinate  system,  and  the 
abscissa  is  marked,  east  or  west,  until  a break  is  reached.  Then,  one  goes  to  the  next  refer- 
ence meridian,  and  repeats  the  process. 

This  procedure  has  been  applied  to  the  Sinusoidal,  Mollweidc,  and  Parabolic  projections, 
In  each  ease,  the  respective  plotting  equations  of  sections  4.6.  4.7,  and  4.8  have  been  used. 

The  grids  which  result  from  tills  method  are  rather  exotic  in  appearance.  Distortion, 
since  it  is  greatest  at  the  furthest  longitude  from  the  central  meridian,  is  always  significantly 
decreased.  These  mups  ure  generally  used  as  statistical  representations,  so  the  breaks  cannot 
create  undue  hardships.  The  breaks  ure  chosen  to  appear  In  regions  of  little  Interest  in  order 
to  better  represent  regions  of  greater  Interest. 
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4.11  Werner’s  Projection  |2|.  |20j 

Werner’s  projection  is  obtained  from  Bonne’s  projection  by  letting  <Po  - 90°.  From 
(4.4.5),  we  have 


P ~ 


“ R(ir/2  - 0) . 


From  (4.4.8),  after  substituting  (4. 1 1 , 1 ) 

XR  cos  0 
u R(n/2  - 0) 

X cos  0 
= ir/2  - 0 ’ 


(4,11.1) 


(4.1 1.2) 


If  tlic  origin  is  chosen  at  the  pole,  the  ('artesian  plotting  equations  become 


x ® 


R#(ir/2  - 0)  sin 


I X cos  0 \ 

U/2  - 0 / 


y » -R,(tr/2  -0)  cos 


/ X cos  0 \ 

U/2  “ */J 


(4, 1 1.3) 


The  grid  corresponding  to  (4,1 1.5)  Is  In  Figure  4.1 1.1,  The  only  straight  line  In  this  eardiold 
shaped  projection  Is  the  central  meridian.  Note  that  distortion  becomes  excessive  at  the 
south  pole,  and  at  Increased  longitude  from  the  central  meridian.  The  parallels  are  still 
concentric  circles,  S Is  the  scalefactor. 
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4,12.1  Eumorphlc  Projection  1 22 1 

The  liumorphie  projection  in  Figure  4.12,1  is  essentially  un  arithmetic  mean  between 
the  sinusoidal  and  Mollwelde  projectlves,  Tills  will  be  the  First  projection  In  which  one 
will  be  unable  to  obtain  general  x-  and  y-plotting  coordinates, 

The  projection  Is  obtained  For  each  longitude  by  summing  the  distance  along  the 
central  meridian  to  a given  parallel  For  the  sinusoidal  and  Mollwelde,  and  then  dividing  by  2. 
The  length  of  the  parallel  Is  then  needed.  This  is  obtained  by  requiring  that  the  area  be- 
tween  the  equator,  the  central  meridian,  the  given  meridian,  und  the  parallel  under  con- 
sideration he  the  same  on  the  Liumorphie  as  on  the  Mollwelde  or  the  sinusoidal  projection, 
This  means  obtaining  comparable  areas  on  the  Mollwelde  or  the  ainusoidul  by  either  a 
plnnimeter  or  integrating  a polynomial  which  approximates  the  meridian  curve.  It  Is  then 
necessary  to  obtain  the  x-coordlnates  on  the  liumorphie  by  trial  and  error  will)  a planirn- 
oter,  or  Filling  a polynomial  curve.  This  Is  lime  consuming,  and  lias  not  been  done  In 
this  report.  llowov.M',  Table  4,12.1  gives  the  y coordinates  For  the  liumorphie  projection, 


Table  4,12,1.  Parallel  Spacing* 
on  the  Sumorphlc  Projaotton. 


0 

V 

(Degree*) 

(Meten) 

0 

0,000 

30 

0.547 

00 

1,001 

SO 

1,490 
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4.13  Eckert's  Projection  (22] , [24] 

Eckert  produced  u total  of  six  projections.  The  one  that  has  received  some  fame  is 
Eckert  4,  In  this  projection,  the  central  meridian  is  half  tire  length  of  the  equator,  From 
Figure  4.13.1,  the  equator,  parallels,  and  centrul  meridian  am  straight  lines.  The  method  of 
choosing  the  parallels  requires  that  the  other  meridians  be  elliptical  curves. 

In  the  projection,  the  spacing  of  the  parallels  decreases  with  latitude  in  a munner  that 
makes  this  an  equal  area  projection,  The  derivation  is  similar  to  that  of  the  Mollweide. 

The  area  of  a hemisphere  is 

Ai  » 2trR3 . _ (4.13.1) 

The  urea  north  of  the  equator  on  the  Eckert  projection  Is,  from  the  Figure  4, 13.1, 

A,  . 2rJ  + . (4,13.2) 

Equating  (4. 13.1)  und  (4, 1 3.2) 

27tRj  ■ 2rJ  + 

= r*  (2  + -jj-  (4.13,3) 

The  area  on  the  hemisphere  below  latitude  0 Is 

Aj  =>  2»rR3  sin  0 , (4.13.4) 

The  corresponding  area  on  the  projection,  Including  a rectangle  two  sectors,  and  two  triangles, 
Is 

Aj  = 2r  • r sin  0 + rslntf  • r cos  0 + r'O 

- r2 (2  sin  0 + sin  0 cos  0 + 0) . (4,13,5) 

Equating  (4. 1 3.4)  and  (4.1 3.5) 

2»rR- sin  0 - r3  (2  sin  0 +sin  0 cos  ()  + ()),  (4.13.0) 

Equate  (4.13,3)  and  (4,13.6)  to  obtain  a relation  between  0 and  I). 


I 


i 


■iff 

.-ft 


1 


....  .2*  fir  JJ  dt  xtilu 
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rJ  ^2  + -^-jaln  <t>  = rJ(2  sin  0 + sin  0 cos  0 + 0 ) 
^2  + -^j  sin  0 « 2 sin  0 + sin  0 cos  0 + 0 . 


(4.13.7) 


Again,  we  have  an  ugly  transcendental  equation  to  be  solved  lor  0 us  u function  of  0, 
And,  again,  the  Newton-Raphson  method  will  produce  a result  [14].  Armed  with  this,  the 
Cartesian  plotting  coordinate  are 


x “ S • R(  1 + cos  0)(X  - X0 ) 


(4,13.8) 


y - S • R • f sin  0 


!’,) 
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Chapter  S 

CONFORMAL  PROJECTIONS 


Conformal  projections  are  those  projections  which  locally  maintain  the  shape  of  an 
urea  on  the  eurth  during  the  transformation  to  the  mapping  surfuce.  One  important  aspect 
of  this  Is  that  the  orthogonal  system  of  parallels  and  meridians  on  the  spheroid  uppeur  as  un 
orthogonal  system  on  the  map. 

The  process  of  eonfortnul  transformation  may  he  accomplished  in  two  ways.  One  of 
the  wuys  Is  to  transform  from  the  spheroid  onto  a fictitious  conformal  sphere,  and  then 
apply  the  simpler  spherical  fornmlus  to  transform  from  the  conformal  sphere  to  the  plane, 
cone,  or  cylinder.  The  second  way  Is  to  uccompllBh  a brute  force  transformation  from  the 
spheroid  directly  to  the  mapping  surfuce.  Both  of  these  approaches  will  be  considered.  The 
results  from  either  approach  will  be  slmllur. 

The  conformal  projections  to  he  considered  are  the  Mercutor,  the  Lumbert  conformal, 
and  the  stereographic.  Three  variations  of  the  Mercator  will  be  discussed:  the  regular,  the 
oblique,  and  the  transverse.  Lambert  conformal  projections  will  be  represented  by  one,  and 
two  standard  parallel  cases.  The  polar,  cquutorlui,  and  oblique  versions  of  the  stereogruphic 
will  be  derived. 

All  of  the  conformal  projections  will  be  characterized  by  the  conformal  relation  Intro- 
duced In  Section  lb.  The  fundamental  quantities  of  the  figure  of  the  earth  uikI  the  mupptng 
surface  will  be  related  by 


F 

"c 


F 

f 


In  this  equation,  the  capital  letters  refer  to  the  mapping  surfuce,  and  the  small  letters,  to  the 
chosen  figure  of  the  earth.  Since  we  will  be  dculing  with  orthogonal  systems,  1 = F “ 0, 


5. 1 The  ('on formal  Sphere  |20| , |23| , |24| 

The  process  of  producing  a conlormul  mapping  of  the  earth  onto  u developable  surfuce 
Is  aided  by  the  fact  that  u succession  of  conlormul  transformations  yields  a conformal  Image 
of  the  original  urea  on  the  linn  I surface.  It  will  be  shown  that  It  is  possible  to  project  the 
spheroid  conformally  onto  a sphere  of  radius  Rv  - \/Tf|,‘Rt^,  and  maintain  the  quality  of 
eon  formality  for  the  subsequent  transformation  to  the  developable  surface. 


lb.1 
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If  one  goes  through  the  expansions  of  this  double  transformation,  and  then  goes 
through  the  expansions  for  the  direct  transformation,  he  will  observe  that  the  results  are 
similar,  but  not  exact.  The  two  approaches  differ  in  higher  order  terms.  Since  these  higher 
order  terms  contain  powers  of  the  eccentricity,  e,  the  numerical  difference  is  negligible.  The 
process  of  expansion  will  not  be  attempted  in  this  volume.  The  equations  In  this  section 
will  be  derived  in  a form  convenient  for  evaluation  on  a computer,  and  will  be  Incorporated 
in  the  general  mapping  computer  program  of  Appendix  A.1 . 

Once  the  transformation  from  the  spheroidal  earth  to  the  conformal  sphere  is  com* 
pletc,  the  formulas  of  trigonometry  cun  be  applied  to  transform  from  the  conformul  sphere 
to  the  mapping  surface, 

From  (2.3.15),  the  first  fundamental  form  of  the  spheroid  is 
(ds)2  = R2,  (d0)2  + Rp  cos1  0 (dA)2 
with  fundamental  quantities 


ii  m W 2 

* l'm 
g “ R,2,  cos2  <t> , 

The  first  fuiulumentul  form  of  the  sphere  is,  from  (2.3.14) 

(ds)2  * Rj!  (d«l>)2  + Rj?  cos2  (d\)2 
with  fundamental  quantities 


Cl'  - R2  cos2  ‘I*  J 


(5,1.1) 


(5.1,2) 


For  tills  conformul  sphere,  the  conformal  latitude  and  longitude  are  defined  to  be  ll>.  and 
A.  respectively.  The  radius  of  the  conformul  sphere  is  Rc. 


The  conditions  are  applied  that  the  conformal  spherical  latitude  Is  a function  of  sphe- 
roidal geodetic  latitude  only,  and  conformal  longitude  is  a linear  function  of  spheroidal 
longitude.  Mathematically,  tills  is  stated  as 


*1*  ® ‘l>{0) 

A - e\  + C| 


(5.1.3) 
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Applying  the  fundamental  transformation  matrix  (2.7. 1 1 ) to  (5, 1 .2)  und  (5. 1 .3) 

,2  > 


li 


S)  *■’ 


> 


(5.1.4) 


C a c2  Rj  cos2  0 J 


The  condition  for  conformality,  ns  given  by  (2,8,2),  und  applied  to  the  two  correspond- 
ing orthogonal  parametric  systems  is 

| - f “ mi  (5.1.5) 

where  m2  is  a constant. 


The  fundamental  transformation  matrix  (2.7.1 1)  gives,  with  the  aid  of  (5,1,5) 


Li'  + 


G'  ■ cm2 


\90/V>  N 

+ ($$j 


From  (5.1.3) 

= da  = 
a\  80 

Substitute  (5.1.7)  into  (5.1.6). 


(5.1.6) 


(5.1.7) 


(5.1.8) 


Write  (5.1.8)  us  a proportion  to  eliminate  in2.  This  Is  a form  of  the  condition  of  conformality. 
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Substitute  (5.1,1),  (5.1 .2),  and  the  partial  derivative  of  (5. 1 .3)  into  (5.1 .9). 


c2  R2  cos2  '!> 
Rp  cos2  <t> 


(5.1.9) 


(5.1.10) 


Convert  (5.1.10)  into  an  ordinary  differential  equation,  and  take  the  square  root,  Then,  by 
separating  the  variables. 


d<l>  el<m 
co's<i>  “ R,,  eos  </>  10  ' 

Substitute  (3.2.9)  and  (3,2.16)  into  (5.1 ,1 1)  to  obtain 


(5.1.11) 


dd>  _ ca(l-e2) 

COS«|.  “ (7-c2  s|n2  0^/2  lW 
a cos  0 
(1  ~c2  sin • 

c(l  -e2) 

( I - e2  sin2  0 ) cos  0 

The  solution  of  this  differential  equation  is 


1,1  ,un  (4 + ) = 


c In  tan  ^ \ 


0/2 

••  0 sin  0 \ 

+ 1 sin  <l>) 


+ K 


15.1  12) 


'Hie  constant  K is  removed  by  requiring  that  'l>  and  0 arc  coincidenlly  equal  to  zero. 
Thus,  from  (5.1.12) 


tan 


- C MU  <!>' 

+ e sin  <l>  j 


(5,1.13) 


Note  that  this  integral  was  encountered  before,  in  Section  3.3,  for  the  losodromie  curve  on 
the  spheroid. 


in  order  that  A and  ' coincide  at  zero,  Iron)  the  second  of  (5.1.3).  ci  0.  and 


A cA 
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It  remains  to  lind  t Sic  vulue  of  'lie  constant  c for  the  particular  transformation  from 
the  spheroid  to  the  conformal  sphere. 

Consider  a Taylor’s  series  expansion  of  the  constant  m2  about  the  origin.  By  origin  we 
mean  in  this  development,  the  latitude  selected  U9  the  origin  of  the  map.  Recall  that  the 
partial  derivatives  of  tn2  with  respect  to  \ are  zero.  Then, 

■”*  = ■"?>  +'(W)l,^  + 'j(i^)ow',  + --  ,5MSI 


Also  from  (5.I.1U) 


cUc  eos-l\. 
l<|,  cos  <ji 


(5.1.16) 


At  the  origin  of  the  map,  nto  - I,  by  definition  of  tire  conformal  projection.  This 
aspect  of  map  projections  will  be  explored  in  Ciraptor  7 on  the  theory  of  distortion.  Con- 
sidering (5,1.6)  at  the  origin. 


nto 


e Ry  cos  <l>o 
Rp  COS  00 


Lot 


«L 

cos  <1’ 

f)0 

Rp  COS  0 

- 0 


(5.1,17) 


(5.1.18) 


Taking  the  derivative  of  the  portion  of  <5.1 .6)  in  brackets,  and  substituting  (3. 2,'))  in  this 


si  n <1>  (t*j> 

R,,  cos  0 (70 


sin  •!* 


(7<l> 

70 


cos  'I' 
Rp  cos  0 


- Kp  sin  0 + 


cos  ‘l»  sin  0 
Kp  cos  0 


cos  0 ,h“-  sin  0 cos  0 
(I  • e-  sin’ 0)'/-1 

ac-  cos’  0 

1 • 1 L , ' ' 1 

c-  MIV  0) 


Substitute1  (5.1. 24 > u nil  (5.1.25)  into  (5.1.23).  Also,  substitute  (3.2,1))  ami  (3.2. lh). 
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sin  0o  /RPo  sin  ‘1*0 
cos  0o  51  V Rmo  cos«l>o 


cos  0n 


{ I - c2  sin2  0o )'^ 
u( I - e2 ) 

(1  - e2  sln20o)3^ 


yf- 


I - e2  ,/JT-  sin1 0o 


I I - o2  sin2  0o 
cos2  0o  1 “ e2 


sin2  0o 


cos2  0n 


(1  - c2)(c2  - sin2  0o ) 
i - e2  sin2  0o 


cos20o(l  ~ c2  sin2  0o)  ■ (1  - e2)(e2  - sin2  0o) 
cos2 0o  “ c2  cos2 0o  sin2 0o  “ (l“e2)c2  - sin20o  + o2  sin2 0o 
cos2 0o  + sin2 0o  ~ e2  sin2 0o (I  + cos20o)  “ c2(l  -e2) 

I - C2(l  “COS20||)(I  +CCS20|l)  » c2  ( 1 — c2 } 

1 + C2  (COS*  00  “ 1 ) = c2  ( 1 — c 2 ) 

1 — C 2 + 0 7 COS4  00 

c “ ~ r-  o2 


C2  COS4  0o\* 11 


C » I + 


The  radius  of  the  confominl  sphere  can  be  I’ouiul  from  (5.1.23) 

sin  0o  _ /Rpi'  sin  *l»o 
cos  0o  V Umo  cos«l’o 


(5.1.26) 


(5.1.27) 


l;rom  (5. 1 .24) 


c sin  <l>o  _ siiH^o 

cos  0o'  " V i^Iio  cos'fb'o  ’ 


(5.1.28) 


cos  0o 

cos^i) 


Rpo 

R"mO 


Eliminate  c between  (5,1.17)  and  (5.1.28). 


v/Rpo  ft'mi) 

Rc  •=  >/FOT5  • (5.2.29) 

Equations  (5,1.13),  (5,1,14),  and  (5.1.26)  cun  be  used  to  convert  from  the  spheroidal 
earth  to  a conformally  equivalent  sphere,  with  a radius  given  by  equation  (5,1.29).  Once 
tills  is  done,  the  conformal  projection  from  the  conformal  sphere  is  relatively  easy,  Table 
5.1.1  gives  the  conformal  latitude  in  terms  of  geodetic  latitude  for  the  WC.S-72  ellipsoid 
when  0o  is  arbitrarily  chosen  us  0°.  Note  that,  unlike  the  development  for  authulic  latitude, 
the  conformal  sphere  depends  on  a particular  choice  of  origin,  0o.  Note  also  that  (5, 1 ,29), 
or  the  radius  of  the  conformal  sphere  is  also  dependent  on  this  origin.  Thus,  the  radius  of 
the  conformal  sphere  contracts  or  expands  as  the  choice  of  the  origin  dictates. 


Tiblt  5.1,1.  Conformal  Latituda 
at  a Function  of  Geodetic  Latituda 


for  tha  WGS-72 

Spheroid. 

Gaodatlc 

Conformal 

Latituda 

Latitude 

0.0000 

.0000 

6,0000 

6.5060 

10,0000 

13,0117 

16,0000 

16.6215 

20,0000 

26.0362 

26,0000 

32.5671 

30,0000 

39,0866 

36,0000 

46,6224 

40,0000 

62,1380 

<16,0000 

58.7267 

60,0000 

66,2933 

65,0000 

71,8719 

60,0000 

78,4019 

66,0000 

86,0632 

H 


I I 


i! 


I 


,Y 

i.1 


•I 


^0  m 0 


i 

•i 
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5,2  Mercator  Projection  |8|,  |20|,  |22|,  |23|,  1 24 1 

The  Mercator  projection,  devised  in  1569  by  Gerhard  Kramer,  whose  Latin  name  was 
Mercator,  is  the  classic  of  modem  map  projections,  It  was  derived  as  an  aid  to  navigation  in 
the  Initial  days  of  the  age  of  ocean  exploration,  and  has  continued  Its  utility  through  the 
age  of  space  exploration.  The  regular,  or  equatorial,  Mercator  projection,  with  its  areas  of 
lesser  distortion  north  and  south  of  the  equator,  and  including  the  major  maritime  trade 
routes  was  and  is  a natural  vehicle  for  ocean  navigation,  Transverse  Mercator  projections, 
with  the  Lambert  conformal,  are  the  backbone  of  the  quadrangle  system  for  topographic 
surveying.  Oblique  Mercator  projections,  with  the  line  of  zero  distortion  along  the  nominal 
satellite  re-entry  footprint  have  been  used  in  the  recovery  charts  for  the  Mercury,  Gemini, 
and  Apollo  missions. 

t 

All  three  of  the  Mercator  variations,  the  regular,  the  oblique,  and  the  transverse,  will 
be  considered  in  terms  of  a double  transformation,  that  is  from  tire  spheroid  to  tire  con- 
formal sphere,  and  then  to  the  mapping  surface,  and  the  equatorial  in  terms  of  a direct  trans- 
formation of  tire  spheroid  to  the  map. 

The  Mercator  projection  entails,  in  both  approaches,  a transformation  from  lire  sphe- 
roid to  a cylinder.  The  Mercator  can  be  considered  in  terms  of  a semi-graphical  technique. 
One  cun,  witlr  extreme  putieilcc,  construct  a Mercator  projection  by  a graphical  means,  In 
fact,  Mercator,  before  the  development  of  calculus,  did  just  that.  The  objection  to  this  is 
that  there  is  u varying  projection  point.  Calculations  are  needed  to  locate  the  point  of 
omunatlon  of  the  projection  ruy.  This  is  shown  in  figure  5.2.  i.  hoi  each  and  every  latitude, 
a different  point  is  needed  as  the  origin  of  an  Interior  ray  which  Intersect  both  the  surface 
of  the  spheroid  (or  conformal  sphere)  and  the  developable  surface,  the  cylinder.  Thus,  the 
reasonable  approach  is  to  use  a mathematical  method, 

Th<*.  regular  Mercator  projection  will  be  developed  first  for  the  conformal  sphere.  Then, 
the  rotation  formulas  of  Section  2.10  will  be  applied  to  produce  the  oblique  and  transverse 
cases. 


Lor  the  regular  Mercator  projection,  let  the  Cartesian  mapping  coordinates  be  given  by 
the  functional  relations. 

x -•  x(M 

► • (5.2.1) 

y - y 

In  particular,  the  first  function  is  taken  as  a linear  combination 

x “ uS(\  - An)  (5.2.2) 

where  a is  the  radius  of  the  conformal  sphere,  and  S is  the  scale  factor. 

The  elemental  forms  of  the  second  of  (5.2.1 ).  and  ( 5.2.2 1 u\e 


dx  - aS  dX 

ily  - Z ^ 


(5.2  .1) 


The  first  fundamental  form  of  the  plane  is 


(ds)2  = (dy2)  + (tlx)2  . 


Substitute  (5.2.3)  into  (5.2,4). 


(ds)2  a b£)  d02  + a2S2(d\)2  . 


(5.2,5) 


The  first  fundamental  quantities  of  (5.2.5)  are 


,,  _ /dy\ 

K - to) 


(5.2.6) 


0 = u2S2 


The  first  fundamental  form  of  the  eonformul  sphere  is 


(ds)2  * n2UI0)2  + n2  cos20  (dM2 


(5,2.7) 


The  first  fundamental  quantities,  from  (5.2.7),  are 


g * a2  cos2  0 


(5.2.8) 


For  tlie  orthogonal  systems  of  the  plane  and  the  conformal  sphere,  the  relation  of 
conformality,  from  (2,8.2)  Is 


F „ (i 
"e  g ' 

Substituting  (5.2.6)  and  ( 5.2,8)  into  (5.2.l>), 


(5.2.9) 


I dy 

a2S2  ^ \d0 
a2  cos2  0 a2 


dy  = aS 
d0  COS  0 


./  ms0  lnt,,n(j  + 2) 


In  (5,2, 10),  choose  c such  (hat  y ~ 0 when  0 0,  Then,  c ~ 0. 


(5.2.1 1) 
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aS  In  tan 


(5.2.11) 


Equations  (5,2.2)  and  (5.2.1 1)  provide  the  transformation  from  the  conformal  sphere 
to  the  cylinder,  or  the  limp.  The  oblique  and  transverse  Mercator  projections  will  now  be 
gained  from  the  equatorial  Mercator  by  utilization  of  the  rotation  formulas  of  Section  2. 10. 
Substitute  (2.10.4)  and  (2.10.5)  into  (5,2.2)  and  (5,2.1 1)  to  obtuin  the  oblique  Mercator 
projection. 


_i  | sin  Xp) 

aS  tan  1 cos  0,,  tan  0 - sin  d..  i 


''p/  l 

sin  0P  cos  (X  - Xp)  J 


where  0P  Is  the  latitude,  and  \p  is  the  longitude  of  the  pole  of  the  reference  plane, 


y “ aS  In  tun  ^ + -j) 

_ uS  - / l__+_sin  h \ 
T ln  I r-  sin'hj 


a§  1 + sin  0 sin  0P  + cos  0 cos  0p  cos  (X  - Xp) 
y a 2 1,1  1 - sin0sin0p  - cos0  cos0p  cos(X-Xp)  ' (5.2. 14> 

The  transverse  Mercator  projection  is  obtained  us  a special  case  of  the  oblique  Mercator 
projection  by  letting  0P  -0  In  (5.2.1 2> and  (5,2.14). 


x « aStan-1 


“sin  (X  - X,,) 1 


I + cos  0 cos  (X  - X„) 

» " f t - ntatt-V  • ,5'”,W 

f igures  5,2.2,  5.2,.),  and  5.2.4  are  specimens  of  the  equatorial,  oblique,  and  transverse 
Mercator  projections,  respectively,  Hotting  tables  for  these  projections  arc  given  In  Tables 
5,2.1,  5.2,2,  and  5,2.?,  respectively,  Note  that,  in  the  equatorial  Mercator,  the  parallels  ami 
meridians  are  straight  lines,  Intersecting  at  right  angles.  This  means  that  the  couvcrgency  of 
the  meridians  does  not  occur,  and  distortion  becomes  excessive  in  u poleward  direction.  In 
fact,  the  point  of  the  pole  is  approaching  infinity.  Thus,  the  equatorial  projection  Is  useless 
at  extremely  high  and  low  latitudes,  In  the  transverse  Mercator,  the  central  meridian  and 
the  equator  are  the  only  straight  lines.  However,  curved  meridians  and  parallels  intersect 
orthogonally,  for  the  oblique  Mercator,  there  are  no  straight  meridians  or  parallels.  How- 
ever, orthogonality  Is  present, 


■ItWHglHtf  .r?,l  r < JFTfcr^.—  J I'1  “ 
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Tabto  6.3.1.  Equatorial  Maroator  Promotion. 
Ragular  Maroator 


Latltuda* 

Longltuda* 

x## 

yt« 

0.0000 

0.0003 

0.000 

' -.000 

0.0000 

30.0000 

3.340 

-.  000 

0.0000 

60.0003 

6.679 

-.  0 CO 

0.  0 00  0 

90.0000 

10.019 

-.0  00 

0.  0 000 

120.0000 

13.359 

-.000 

0.  0000 

150.0000 

16.698 

-.000 

0.  0000 

10O>,OOOO 

2 0.036 

- . ‘0  00 

30. d 00  0 

0.0000 

0.000 

3.482 

30. 0000 

30.0000 

3.340 

3.462 

30.0000 

60.0000 

6.o79 

3.462 

30.  0 000 

90.0000 

10.019 

3.482 

30.  0000 

120.0000 

13.359 

3.482 

30.0000 

150.0000 

16.698 

3.462 

30.0000 

lao.oooo 

20.  036 

3,462 

60.  0 000 

0.0000 

0.000 

6.363 

60.0000 

30.0000 

3.340 

8.363 

60.0000 

60.0000 

0.679 

6 * 3b3 

60.0000 

90.0000 

10.019 

6.363 

60. 0000 

120.0000 

13.359 

8 1 36,  3 

60. 0000 

150.0000 

16.698 

6.363 

60 . 0 00  0 

160.0000 

20.038 

6.363 

*0  ■ 90s  *Dagraaa 
\0  ■ 0°  ••Matan 


Latitude* 

- 30  • a oo  o 

-30.  U 00 0 
-30.  0000 
-30.  000  0 
-30.  0 000 
-30.0000 
-30. 0000 
-15. 0000 
-15.0000 
-15.  0 00  0 
-15. 0000 
-15*  0 00  0 
-15.  0000 
-15.0  00  0 
0. 0 00  0 
0.0000 
0.0  00  0 
0.  0 ouo 
0.0000 
0*0000 
0.0  000 
15. 0 00  0 
15.0  00  0 
15.0  00  0 
15.  0000 

15.0  000 

15.0000 

15. 0000 

30.0000 
30.0000 
30.0000 
30.0000 
30. OQQO 
30.0000 
30.0000 


Longitude* 
0. 0000 

15.0000 

30.0000 
45.0000 
60.0000 

75.0000 

90.0000 

0.0000 

15.0000 

30.0000 

45.0000 
bO* 0000 

75.0000 

90.0000 

0.0000 

15.0000 

30.0000 

45.0000 

60.0000 

75.0000 

90.0000 

0.0000 

13. 0009 

30.0000 

45.0000 
60.QUQ0 

75. 0000 

90.0000 

0.0000 

15.0000 

30.0000 

45.0000 

60.0000 
75.0003 
90.0000 


X** 

0,000 
1. 485 
2.905 
4.219 
5.417 
6.515 
7.547 
O.OBO 

I. 639 
3.556 
5.090 
6.447 
7.671 
8.825 
0.000 
2.310 
4.367 
6.093 
7.547 
8.625 

10,019 

0.000 

3.061 

5.541 

7.360 

8.925 

10.061 

II. 213 
0.000 
4,619 
7.547 
9.19b 

10.421 

11*460 

12.491 


1.689 
1.547 
1.139 
.506 
-.3  02 

-1.260 

■2. 357 
3.503 
3.309 
2.767 
1.974 

I.  019 
- . 04  0 

-1. 181 
5,621 
5.  324 
4.546 
3.503 
2.357 
1.160 
-.000 
6.4  00 
7.849 
6.679 
5.125 
3.716 
2.402 
1.161 
12,932 

II.  375 
6.886 
6.776 
5.054 
3.b07 
7.35» 


b0  - 48°  *OigrM» 
Xo  ■ 0°  **Met«n 


<>.1  .Mitel  J 
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Table  6.2.3.  Tranwene  Maroator  Projection. 
Maroator  Tranivene  Caw 


Latitude* 

Longitude* 

X** 

y„ 

3U i 0 00  Q 

0.0000 

0.000 

-6. 400 

30.0  000 

15.0000 

2.669 

-7.714 

30.  0000 

30.0000 

4.552 

-6,206 

30.0000 

H9» 0000 

5.652 

-4.546 

30.  0 00  Q 

60.0000 

b«  268 

-2.957 

30.  0000 

75.0000 

6.563 

-1.454 

30. 0000 

90.0000 

b.o79 

.000 

46.0000 

0.0000 

0.000 

-5.621 

46.0000 

15.0000 

l.ol5 

-5.324 

45.  0000 

30,0000 

2.957 

-4.546 

45.0000 

45.0000 

3.926 

-3.503 

4^.0000 

60.0000 

4.652 

-2.357 

45.000  0 

75.0000 

4.699 

-1.150 

45.0000 

90.0000 

5.009 

. 000 

60.0  000 

0.0000 

0.000 

-3.503 

bQ. 0000 

15.0000 

.946 

-3.360 

60.0000 

30,0000 

1.792 

-2.957 

60.0000 

45.0000 

2.472 

-2.357 

bO.OOOQ 

60.0000 

2.957 

-1.629 

60.0000 

75.0000 

3.245 

-.630 

60.0000 

90.0000 

3.339 

. 000 

75.0000 

0.0000 

0.000 

-i.ee9 

75,0000 

15.0000 

• 442 

-1.629 

75.0000 

30.0000 

.649 

-1.454 

75,0000 

45.0000 

1.194 

-1.180 

75.0000 

60.0000 

1.464 

-.630 

75.0000 

75.0000 

1.616 

-.428 

75.  0 000 

90.0000 

1.670 

.0  00 

90.  0000 

0.0000 

0*036 

.000 

90.0000 

15.0000 

0.037 

.000 

90.0000 

30.0000 

0.037 

. 000 

90.0000 

45.0000 

0.037 

.0  00 

90.0000 

60.0000 

0.037 

.0  00 

90.0000 

75.0000 

0.037 

.000 

90. 0000 

90.0000 

0.037 

-.oco 

#0  - 0s  *De«reet 
Xq  ■ O’  **Metan 


nam  v **'+>*'<  - « --»■ 
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In  Figure  5.2.2,  the  loxodrome  (or  rhumbline)  and  the  great  circle  ure  portrayed  on  u 
equatorial  Mercator  projection.  The  loxodrome  is  a line  which  intersects  successive  meridians 
ut  the  same  azimuth,  or  beuring  angle.  On  the  Mercator  projection  the  loxodrome  is  a 
straight  line,  and  the  great  circle  (or  geodesic)  is  a curved  line.  The  gnomonic  projection  of 
Section  6.1  has  the  reverse  of  this  situation.  As  will  be  seen,  the  gnomonic  projection  has 
great  circles  as  straight  lines,  and  the  loxodromes  are  curved  lines.  Thus,  by  using  the 
Mercator  and  the  gnomonic  projections  together,  one  can  build  a series  of  bearings  which 
will  approximate,  piecewise,  a great  circle  route.  Tills  combines  ease  of  navigation  with  an 
approximation  to  the  shortest  distance  between  two  arbitrary  points.  This  method  is  used 
for  both  maritime  and  aerial  navigation. 

The  Mercator  projection,  as  mentioned  above,  can  also  be  derived  by  a direct  trans- 
formation from  the  spheroid  to  the  plotting  surface.  This  will  now  be  done  to  compare  the 
labor  in  these  two  approaches. 

From  (3.3.1),  an  element  of  distance  along  a parallel  of  the  spheroid  is 

a cos  0 dX 

dp  “ . 

( 1 — e2  sin20),/2 


The  infinltesimul  distance  along  the  parallel  of  the  map  is  adX.  Thus,  the  scule  along  the 
parallel  is 


dp  CO8  0 

adX  (l  -e2  slnJ0),,,J 

From  (3.2.16),  un  element  of  distance  along  the  meridian  Is  given  by 

. a(l-e2)d0 

dm  “ — • 

(1  - e2  sin20)3/2 


(5.2.17) 


(5.2.18) 


Let  dy  be  the  element  of  distance  on  the  meridian  of  the  map  which  represents  the 
elemental  distance  dm  along  the  meridional  ellipse.  The  ratio  of  dm  to  dy  must  equal  the 
scale  along  the  parallel,  if  conformality  is  to  be  maintained.  Thus,  from  (5.2. 17)  and 
(5.2.18). 


dm  a(l  - e2 ) d0  cos  0 

^ dy  (I  -e2  sln20)3^2  (l-e2sin20) 

d m a(l  - e2)  d0 

* (1  t e2  sin20)  cos  0 


(5.2.19) 


The  distance  of  the  parallel  of  latitude,  as  measured  along  a meridian,  from  the  equator, 
is  found  by  integrating  (5.2.19).  This  is  done  by  expanding  the  integral  in  partial  fractions. 


1K2 


f*  a(l-e2)d 1* 

J0  ( 1 - e2  sin2  *)  cos  * 


■ a 


» a 


d*  t e f*  -e  cos  * d*  _ 5 e cos  * d* 
cos*  + 2 J0  1 - e sin  * ~ 2 JQ  I + esln* 


_d* 

sin  + * 


+4  r 

* -e  cos  * d*  e f 

* ecos*d*  ] 

) v« 

1 - esln*  2 J0 

1 - e sin  * 1 

™*  (? +-f) 


+ e f*  -c  cos  * d*  _ e f ♦ ccos*d*  I 
+ 2 1 1 - e sin  * 2 J f + e sin  * f 


y - a 


J 

in  [sin  (}  + f)]“in[co*(j+4)] 

+ !j-  In  ( 1 - e sin  *)  - ^ In  ( 1 + e sin  *)j  | 

- a | In  [tan  (j  + £)]  ♦ § 

- a In  [tan  + 4)  j ' 

Thus,  we  have  in  (S.2.20)  the  same  results  as  (5.2.14)  if  e is  set  equal  to  zero. 
The  distance  along  the  equator  can  be  found  from  the  integral 


-r 


dX 


(5.2.20) 


aAX . 


(5.2.21) 
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The  amount  of  labor  in  either  the  direct  or  the  indirect  method  of  transformation  is 
significant.  The  amount  of  computer  time  consumed  in  evaluating  either  set  of  equations 
is  similar.  The  rotations  of  Section  2. 10  can  be  applied  to  (5.2.20)  and  (5.2.21)  to  obtain 
approximations  to  the  oblique  and  transverse  Mercator  projections. 


S.3  Lambert  Conformal  |20],  (231 

The  Lambert  conformal  projection  is  a projection  from  the  spheroidal  earth  onto  a 
cone,  which  serves  as  the  developable  surface.  This  can  be  done  rather  simply  by  trans- 
forming  from  the  conformal  sphere  to  the  cone.  The  transformation  can  also  be  accom- 
plished directly  from  the  spheroid  to  the  cone.  This  second  approach  will  be  followed  in 
this  section  for  Lambert  conformal  projections  with  one  and  two  standard  parallels.  Then, 
the  eccentricity  is  set  equal  to  zero  to  accommodate  transformations  from  the  conformal 
sphere. 

For  the  Lambert  conformal  projection  with  one  standard  parallel,  the  conical  mapping 
surface  Is  tangent  to  the  spheroid  at  this  standard  parallel.  The  axis  of  the  cone  coincides 
with  the  rotation,  or  polar  axis  of  the  earth.  The  meridians  are  straight  lines  converging  at 
the  apex  of  the  cone.  One  of  these  meridians  Is  arbitrarily  chosen  as  the  central  meridian, 
\o . The  parallels  are  a set  of  concentric  circles. 

The  polar  coordinates  of  a point  P are  p and  9.  The  Cartesian  coordinates  of  this  same 
point  are 


x “ p sin  9 • S 
y ■ (Po  -pcos9)S 


(5.3.1) 


where  po  is  the  radius  vector  from  the  apex  of  the  cone  to  the  circle  of  tangency. 

Again,  the  elemental  distance  on  the  Spheroid  is  found  from  the  flitt  fundamental  form 


(ds)2  ■ Rj,(dd)2  + Rp  cos*d  (dX)2 
with  fundamental  quantities 

• - I 

► , 

g - Rj  cos2d  _ 


(5.3.2) 


On  the  conical  surface,  the  first  fundamental  form  is 

(ds)2  » (dp)2  + pl(d0)2 


with  fundamental  quantities 
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Two  conditions  will  be  imposed.  One  is  that 

P ■ p($) 

and  the  second  is  that 

0 ■ ctX  + cj . 

From  (5.3.5) 


From  the  fundamental  transformation  matrix,  (2.7.1 1) 


Substitute  (5.3.3)  into  (5.3.7) 


Substitute  (5.3.6)  into  the  second  of  (5.3.8). 

C - cf  p2 . 

From  the  condition  of  conformality  (5. 1 .9)  for  two  orthogonal  systems. 


(5.3.3) 

(5.3.4) 

(5.3.5) 

(5.3.6) 

(5.3.7) 

(5.3.8) 

(5.3.9) 


* 


1 
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Substitute  (5.3.2),  (5.3.3),  and  (S.3.6)  into  (5.3.10). 

(15)' 


Rjj  R*  cos®  d 


(5.3.11) 


Take  the  square  root  or  (5.3.1 1 ),  and  convert  the  result  to  an  ordinary  differential 
equation 


dP  „ _ RmC| 

P Rp  cos  d ' 

The  minus  sign  is  chosen  since  p decreases  as  d increases. 


(5.3.12) 


Equation  (5.3.12)  can  be  integrated  by  the  method  of  Section  5.2  for  the  Mercator 
projection  to  obtain 


in  p ■ -ci  In  1 
+ lnc3 


‘an(5  + ^)(K"r!!Sdj 


CJ 


•“(MKfHS&f 


*i 

> • 


(5.3.13) 


The  constants  cj , c3 , and  c3  must  be  evaluated  now.  First,  from  (5.3.5),  it  is  required 
that  o ■ o,  when  X ■ 0.  Thus,  ca  ■ 0. 

Next,  consider  c3 . At  the  origin  of  the  Cartesian  coordinate  system  of  the  map  (do. 
Xo),  the  cone  is  tangent  to  the  spheroid.  Thus,  similar  to  the  development  of  Section  1 .6 


Po  ■ Rpo  cot  do  • 

Evaluate  (5.3.13)  at  do.  and  equate  to  (5.3.14). 


(5.3.14) 


*■%*■$)('!  - e sin  do)  / 


cj 


Rpo  cot  do 


(5.3.15) 


i 

V 

1 

.1  3 


jl 

II 


Mowi^iaaMdaMywaaiai 
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Finally,  from  (5.3. 11) 


nl  - oiP 
Rm  cos  d ' 

(5.3.16) 

At  the  origin,  as  will  be  treated  in  detail  in  Chapter  7,  nio  “ 1 . This  implies  that  (3m/9d)o  * 1: 
Differentiate  (5.3.4),  and  evaluate  this  at  the  origin. 

9m  _ 
3d 

- 1 . _ Rm  sinfl  _ A 

•'te/nres*  0 

(*P\  . CjpoRmO  n 

1 \3d/0  Rpo  cos  do 

(5.3.17) 

From  (5.3.12) 

/.  3p  \ m C|  PO  Rmo 
\9do/  RpO  cos  do  ' 

(5.3.18) 

Subititute  (5.3.18)  into  (5.3.17) 


c?PoRmO  Cip0Rm0»indo 
RpO  cos  Rp0  cos  do 

i 

ci  * sin  do*  (5.3.19) 

Substitute  (5.3.19),  and  (5.3.14),  into  (S.3.15) 


cj 


Po 


MM)(f£ss*rf 


Substitute  (5.3.20)  into  (5.3. 1 3). 


pll 


PO  < 


Substitute  (5.3.19)  into  (5. 3.5),  and  recall  that  cj  ■ 0. 


til 


•tado 


(5.3.20) 


(5.3.21) 


■■  i nl  ‘li'dhii 
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6 m X sin  do  • (5.3.22) 

Recall  from  Section  1.6  that  sin  do  is  the  constant  of  the  cone, 

Equations  (5.3.21)  and  (5.3.22),  in  conjunction  with  (5.3.1)  and  (5.3.14)  give  the 
plotting  equations  in  Cartesian  coordinates.  Table  5.3.1  it  a plotting  table  for  the  Lambert 
conformal  projection  with  one  standard  parallel  based  on  an  origin  of  do  - 45°,  and  \o  ■ 0°, 

The  Lambert  conformal  projection  with  one  standard  parallel  may  be  converted  to  a 
form  for  the  transformation  from  the  conformal  sphere  by  letting  e ■ 0 in  (5.3. 14)  and 
(5.3.21). 


Po  ■ a cot  do 


(5.3.23) 


Equations  (5.3.23)  and  (5.3.24)  are  then  used  in  conjunction  with  (5.3.1)  to  produce  the 
plotting  equations. 


The  next  step  will  be  to  consider  the  Lambert  conformal  projection  with  two  standard 
parallels.  This  projection  has  had  considerable  utility  as  aircraft  navigation  charts,  and  has 
been  used  for  star  charts  by  the  U.S.  Air  Force.  Again,  the  meridians  are  straight  lines 
radiating  from  the  apex  of  the  cone,  and  the  parallels  of  latitude  are  concentric  circles. 


Let  the  two  standard  parallels  be  chosen  as  di  and  d2 , where  di  > di . Then,  from 
(5.3.16)  and  (5.3.19) 


sin  do 
sin  da 

" ftp]  cos  d2 


(5,3.25) 


£i  . Rp*  cosdi 
P2  " Rp2  COS  d2 


(5.3.26) 
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Tabla  6.3.1.  Umbart  Conformal  Promotion, 
Ona  Standard  Parallal. 

Lambart  Conformal.  Ona  Standard  Parallal 


Latltuda* 

Longituda* 

X** 

X*» 

0*  0000 

0.0000 

0.  000 

-■.486 

0.0000 

15.0000 

2.16  6 

-5 • 2«3 

0.0000 

30.0000 

4.297 

-4.6P1 

0.0000 

45.0000 

6.261 

-3.701 

0.  0000 

60.0000 

6.011 

-2.377 

0.0000 

75.0000 

9.  *88 

-."'52 

0.0  000 

90.0000 

10.640 

1.116 

15.  0000 

0.0000 

0.000 

-3.470 

1S>«  0000 

15.0000 

1.81b 

-3.302 

15.  0 00  0 

30.0000 

3.567 

-2.802 

15.0  000 

*5.0000 

5.196 

-1.988 

15.  0 000 

60.0000 

6*651 

-.  888 

15.0000 

75.0000 

7.677 

.460 

15.0000 

90.0000 

8.334 

2*011 

30.0000 

0.0000 

0.000 

-1.668 

30.0000 

15.0000 

1.466 

-1.545 

30.  0000 

30.0000 

2.921 

-1.136 

30.0000 

45.0000 

4.256 

-.470 

30.0000 

60.0000 

5.446 

.431 

30.0000 

75.0000 

6.449 

1.535 

30.  0000 

90.0000 

7.232 

2.3  05 

45.0000 

0.0000 

0.000 

• 000 

45.0000 

15.0000 

1.176 

.109 

45.0000 

30  < 0000 

2.312 

.4*3 

45.0  00  0 

45.0000 

3.3b9 

.960 

45.0000 

60.0000 

4.310 

1,673 

45*  0000 

75.0000 

5.105 

2.547 

4y»  0000 

90.0000 

5.724 

3.552 

60.0000 

0.0000 

0.000 

1 . 6°0 

60.0000 

15.0000 

.665 

1.770 

60.0000 

30.0000 

1.700 

2.008 

60.0000 

45.0000 

2.477 

2.396 

60.0  000 

60.0000 

3.170 

2.920 

60.0000 

75.0000 

3.754 

3.563 

60.  0000 

90.0000 

4.210 

' 4.303 

do  ■ 48*  'Dagraat 
Xo  - 0*  ••Matart 
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From  (5.3.21) 


£1 

Pi 


From  (5.3.26)  and  (5.3.27) 


/* 

tan  \4  2)  \ \ - e sin  0i/ 

, 

(n  _ 0j\  /I  + e sin  02\ 

\?  ~ T/  \1  - e sin  02 ) 

J 


> 


' r,  0i  N 1 

t/2y‘ 

l + e sin  0i  \ 

Rpi  cos  0i 

ton 

V4  " 2 ) 

J - e sin  0i/ 

Rp2  COS  02 

tan 

/ It  02\ 

o/ 2 ^ 

'1  + e sin  02  \ 

\4  ‘ 2 J 

d - e sin  02/ 

iiln0o 


/Rpicos0j\  i, 


tan 

tan 


r 

7>7 

_ 03  j ^1  ■»  e sin  0;  \ 


,an  -y/  \i  — e sin  0i/ 

t 

e sin  0;  \ 
e sin  02  / J 


sin  0o 


/Rpi  cos 0i \ 
*n  \Rp2  COS  02/ 


In  < 


tan 


tan 


(l  - M fl  + esln0i\e/2 
\4  2 / \I  - e sin  <t>\/ 

U <t>i\  /I  + e sin  0jf /2 

l?  77  Ir-l'iInTj/ 


(5.3.27) 


(5.3.28) 


So  far,  the  conical  surface  lias  been  considered  to  be  tangent  at  the  central  circle  of 
parallel.  In  order  to  require  secancy  at  0i  and  02 , let  in  = 1 in  (5.3.25) 


Pi  sin  0q  __  p;  sin  0p 
kpi  008  0i  ~ Rp2  COS  02 


= I 


pi  sin  00  » Rpi  cos  0 j | 
P2  sin  0o  = RP2  cos  02 


(5.3.29) 


...  ^ 1 1 ■l~ 
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In  (5.3.29),  sin  0O,  a*  defined  in  (5.3.28),  applies.  From  (5.3.21) 


Pi  * Poi 


e/2 

1 + esin0i\ 

1 - e sin  0i/ 

tan  (3  “ t) 

e/2 

1 + eiln*o\ 

- e sin  0o/ 

Substitute  (5.3.30)  into  (5.3.29). 

p 

lit  \/l  + e sin  $i  l 

tan  ~ i)  \r= “nraj 


Po  -s 


*n 


*11 


(it  0o\/l  + esin»o\ 

tan  l*  t)  Vi  -VSSUl  J 


rin0o 


Rpi  cos  0i 


Let 


0 


tan 


po 

£ _ 0o\  /l  + esin0o\i/2 
^4  ” 2/  \1  - e sin  0o' 


Rpi  cos  0t 


sin  0o  tan 


•12 

»r  0i \ f\  + c sin 0i \ 
J “ TJ  \1  “ e sin  01/ 


In  a similar  manner 


0 


Rpj  COS  02 


sin  0o  tan 


e/2 

'ir  _ 02  \ /l  + c sin  02 \ 
J ~ T/  \1  - e sin  02/ 


The  polar  equations  become 

6 * Xsjn0o 


(5.3.30) 


(5.3.31  > 


(5.3,32) 


■ li 
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Figure  5.3.2  displays  u Lambert  conformal  projection  with  two  standard  parallels  de- 
veloped by  using  (5.3.32)  in  conjunction  with  (5.3.1),  Table  5.3.2  gives  the  plotting  coordi- 
nates for  the  two  standard  parallel  case.  Notice  that  the  meridians  are  straight  lines,  and 
the  parallels  are  concentric  circles.  The  area  between  the  standard  parallels  is  smaller  than 
on  the  spheroid,  and  the  area  beyond  the  standard  parallels  is  larger. 

Equations  (5.3.26),  (5.3.31)  and  (5,3.32)  can  be  converted  to  the  transformation  from 
the  conformal  sphere  by  setting  e ■ 0. 


sin  0o 


b 

Fs7! 


a cos  0i 


sin  0o 


tan 


sin  0o 


a cos  02 


P ■ 


(5.3.33) 


(5.3.34) 


(5.3.35) 


Equations  (5.3.33),  (5.3.34),  and  (5.3.35)  are  used  with  (5.3.1)  to  obtain  the  plotting 
equations. 
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unto** 

ls.  0000 

19*0000 

15. 0000 
15*0000 

ls.auoo 

30.0000 
30*  U 00  0 

30.0000 

30.0  000 
30.  0000 

45.0  000 

45.0000 
45.  0000 
45.  0000 
45.0000 

60.0  000 
60.  0000 
60.0000 
60.  0 000 
60.0000 
75. 0000 

75. 0000 
75.0000 
75*  0 00  0 
75. 0000 


Tibia  6.3.1  UmUrt  Conformal  Projaetlois 
Two  ItMidwtl  Nrallate. 

Umtwft  Confotmal,  Two  Itandard  Taraliali 


Loneituda* 

0.0000 

15.0000 

30.0000 

45.0000 

60.0000 

0.0000 

15.0000 

30.0000 

45.0000 

60.0000 

0.0000 

15.0000 

30.0000 
u5«  000  0 

60.0000 

0.0000 

15.0000 

30.0000 

45.0000 

60. 0000 

0. 0000 

15.0000 

30.0000 

45.0000 

60.0000 


X** 
0.000 
1.909 
3.752 
5.463 
6.96  3 
0.  000 
1.439 
2.127 
4.117 
5.262 
0.000 
1.034 
2.031 
2.955 
3.761 
0.000 
.669 
1.315 
1.915 
2.446 
0.100 
.329 
.647 
*942 
1.204 


Y** 
-2.525 
-2.346 
-1.814 
-.946 
.221 
0.000 
.135 
• 536 
1.169 
2.070 
2.175 
2.272 
2.560 
3.029 
3.662 
4.131 
4.194 
4.  360 
4.664 

5.094 

5.95  6 
5.969 
6.060 
6.730 
6.431 


to  . 30*  *0 agraat 

to  - 60*  **Matar» 
X0  - 0* 


i 

I 

t 


L 
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$.4  Stenographic  Projections  |20|,  1 22) , |23|,  |24| 

The  stenographic  projections  entuil  the  transformation  from  the  spheroid  to  the  plane. 
Three  variations  of  the  stenographic  projection  will  be  derived.  These  an  the  polar,  the 
oblique,  and  the  equatorial. 

The  stenographic  projection  may  be  considend  as  a punly  geometrical  projection. 

This  is  illustrated  best  with  the  projection  from  the  conformal  sphere  to  the  nlane  tangent 
at  the  pole.  The  geometry  of  this  projection  is  given  in  Figure  5.4.1. 

The  plane  is  tangent  to  the  sphere  at  the  north  pole,  N.  The  rays  emanate  from  the 
south  pole,  S.  The  principle  of  the  stenographic  projection  requins  that  the  projection 
point  be  diametrically  across  froth  the  point  of  tangency.  A typical  ray  from  S to  a point  P 
on  the  earth  is  transformed  to  the  position  P'  on  the  plane.  Thus,  the  entire  projection  can 
be  derived  by  elementary  trigonometry.  The  same  is  true  for  the  spheroidal  case,  only  the 
geometry  is  considerably  more  messy. 

The  approach  in  this  section  Is  mathematical  rather  than  geometrical.  This  approach 
brings  out  the  quality  of  conformality  immediately.  We  will  consider  the  plane  as  one  of  the 
limiting  forms  of  the  cone,  and  then  apply  the  equations  already  derived  for  the  Lambert 
conformal  projection  with  one  standard  parallel.  This  is  done  by  letting  the  parallel  of 
tangency  for  the  spheroidal  case  shrink  to  a polar  point  of  tangency  in  order  to  derive  the 
polar  stereographic  projection.  To  this  end,  let  0o  “90°  in  (5.3.19),  (5.3.22),  (5.3.14),  and 
(5.3.21). 

sin  0o  ■ 1 (5.4.1) 

0 - X (5.4.2) 

Po  " RpO  cot  00 


I 


1 


and 


cot  00 


(5.4.3) 


P 


_ “ cot  0o  ^ 

tun  (f " (r 

. . ,.«/i 

+ esin0N 

- esln0/ 

yn - 

[ tun  (?  “ t) 

(Rf 

a/1 

i /l  + e sin  0\ 

u - (\ 

1 \\  - e sin  0/ 

v/i  - v 

tan  0o 


V 


X 


(5.4.4) 
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In  (5.4.4),  take  the  limit  of 


tan 


tan  0o 


as  0o  approaches  90°. 


. t<>n  (|  4 j)  . [7l  + tan  0o /2\  /I  - tan20o/2\ 

^ tan  0o  0o-^9O*  I:1  ” tttn*o /2/\  2tan0o/2  / 


- L 

00-^90* 


( 1 + tan  0o/2)s 
. • 


tan  0o  [2  J 


2 . 


Substitute  (5.4.5)  into  (5.4.4). 


(5.4.5) 


(5.4.6) 


(5.4.7) 


0 

The  Cartesian  plotting  coordinates  for  the  polar  stereographic  projection  are 

x ■ p sin  0 

y ■ -p  cos  0J 

Equations  (5.4.7)  are  evaluated  using  (5.4.3)  and  (5,4.6). 

Equation  (5.4.7)  can  be  converted  into  a transformation  from  the  conformal  sphere  to 
the  plane  by  letting  e “ 0.  Then 


p - 2a  tan 

Substitute  (5.4.3)  and  (5.4.8)  into  (5.4.7). 


(5.4.8) 


x ■ 2a  tan  ^ sin  X 
y ■ -2a  tan  ^ ^ j cos  X 


(5,4.9) 


Figure  5.4.2  gives  an  example  of  the  polar  stereographic  projection.  Note  that  the 
meridians  are  straight  lines  converging  on  the  pole,  and  the  parallels  are  concentric  circles 
centered  on  the  pole.  The  spacing  between  the  purullels  increases  us  one  goes  towards  the 
equator.  Table  5,4.1  gives  the  plotting  coordinates. 
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f >CU  III  A4AMUUMIlklil  ttslaa 

I HU  Qi^i  I*  MfVVpVpM  rTwfUWni  rM  vVNi 

ItmoaraaMa  MmIm  Mir  Chi 

vwivvpii|Mvnr  r w wwv 


LatKuda* 

LongltMto* 

X** 

V** 

1.0000 

0.0000 

11.71* 

0.000 

0.0000 

19.0000 

11.000 

3.061 

0.0000 

30.0000 

11.010 

6.197 

0.0000 

*9.0000 

4.990 

0.990 

0.0000 

60.0000 

6.397 

11.016 

0.0000 

79.0000 

1.290 

10.060 

0.0000 

90.0000 

*.000 

10.71* 

19.0000 

0.0000 

9.772 

0.000 

19.0000 

19.0000 

9.  *39 

0.009 

19.0000 

30.0000 

I.  *61 

*••06 

19.0000 

*9.0000 

6.910 

6.919 

19.0000 

60.0000 

*•666 

6«*63 

19.  0000 

79.0000 

0.909 

9**39 

19.000  0 

90.0000 

-.000 

9.770 

00.0000 

0.0000 

7.365 

0.000 

00.0000 

19.0000 

7.11* 

1.906 

00.0000 

30.0000 

6.370 

3.600 

00.0000 

*9.0000 

i.eot 

5.000 

00.  0000 

60.0000 

3.600 

6.370 

00.0000 

79.0000 

1.906 

'7.11* 

00.0000 

90.0000 

-.000 

7*361 

*9.0000 

0.0000 

9.291 

0.000 

*9.0000 

19.0000 

5.111 

1*360 

*9.0000 

30.0000 

*.900 

t.6*6 

*9.0000 

*9.0000 

3.7*1 

3.7*1 

*9.0000 

60.0000 

0.6*9 

*.900 

*9.0000 

79.0000 

1.369 

9.111 

*9.0000 

90.0000 

-.000 

9.091 

60.0000 

0.0000 

I. *14 

0.000 

40.0000 

15.0000 

3.310 

.107 

40,0000 

30.0000 

0.947 

1.713 

40.0000 

*9.0000 

0.*C3 

0**03 

40.0000 

60.0000 

1.713 

0.067 

40.0000 

79.0000 

.607 

3.310 

41.0000 

90,0000 

-.000 

3.  *06 

99.0  000 

0.0000 

1.619 

0.000 

79.0000 

19.0000 

1.607 

.**6 

79.0000 

30.0000 

l.*59 

.0*0 

79.0000 

*9,0000 

1.191 

1.191 

79.0000 

60.0000 

• 0*0 

l.*99 

79.0000 

79.0001 

.*36 

1.607 

79.0000 

90.0000 

-.000 

1.601 

90.0000 

0.0000 

-.000 

0.000 

91,0000 

19.0000 

-.000 

-.ON 

90.0000 

30.0000 

-.000 

-.000 

90.0000 

*9.0000 

-.000 

-.000 

90.0000 

60.0000 

-.000 

-.000 

90.0000 

79.0000 

-.000 

-.000 

90. 0000 

90.0000 

• 060 

-.000 

♦0  • 00* 

1 

• 

o 

■ 

o 

#< 

••Mittn 
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The  oblique  case  for  the  stenographic  transformation  From  the  conformal  sphere  to 
the  plane  may  be  obtained  by  applying  the  transformation  formulas  of  Section  2. 1 0.  The 
latitude  and  longitude  of  the  pole  of  the  auxiliary  coordinate  system  is  dP  and  Xp,  respec- 
tively. Write  (5.4.9)  as 


x * 2a  tan  j sin  a 

y ■ --?i  tan  ^ cos  a 


Then,  from  Section  2.10. 


f sin  (X-Xp) 1 

a ■ tan  | cog  ^ tpn  ^ - g|n  ^p  COi  (X  - \p)  J 

It  « sin"1  {sin  d sin  dp  + cos  d cos  dp  cos  (X  - Xp)} . 


(5.4.10) 


(5.4.11) 

(5.4.12) 


Equations  (5.4. 10),  (5.4. 1 1 ),  and  (5.4. 1 2)  will  then  produce  a grid  such  as  the  one  in 
Figure  5.4,3.  The  only  straight  line  in  this  projection  is  the  central  meridian.  Table  5.4.2 
is  the  plotting  tuble  for  dp  ■ 45*. 

The  equatorial  case  follows  when  dp  ■ 0*  in  (5.4,  H ) and  (5.4. 1 2).  These  equations 
simplify  to  give 


« 


tan"1 


| sin  (X  ~ Xp) 
1 ton'd 


It  ■ sin-1  (cos  d cos  (X  - Ap)} 


(5.4.13) 


Figure  5.4.4  shows  an  equatorial  stereogruphic  projection.  The  equator  and  central 
meridian  are  the  only  straight  lines  on  the  grid.  The  other  lines  are  arcs  of  ellipses.  The 
plotting  coordinates  are  in  Tabic  5.4.3. 

The  stereographic  projection  con  also  be  derived  for  o transformation  from  the  con- 
formal sphere  by  a process  similar  to  that  introduced  for  the  gnomonic.  uzimuthai  equi- 
distant and  orthographic  projections  of  Chapter  b. 
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TabtoB.42.  Itwaoyaphla  Orafratton,  ObMqua  Cm*. 
•ttraographle  Orojaadon,  Obllqua  Cat* 


Latitude* 

LontHuda* 

V" 

0.0000 

0.0000 

9.400 

-6.204 

o.oooa 

15.0000 

1.962 

-5.177 

0.0000 

30.0000 

3.966 

-4,646 

0.  0000 

45.0000 

6.013 

-4.252 

0.0000 

59.0000 

6.162 

-3.332 

0.0000 

75.0000 

10,416 

-1.971 

0.  0000 

60.0000 

12.766 

*0(0 

IS. 0000 

0.0000 

0,060 

-3,411 

10.0000 

19.0000 

1,731 

•1.300 

lb. 0000 

30.0000 

3, *72 

-2.917 

IS. 0000 

45.0000 

6.230 

-2.297 

10.0000 

60.0000 

7.000 

•1.376 

IS. 0000 

79.0090 

5,763 

,056 

15.0000 

63.0000 

10. *16  , 

1.676 

30,  0 000 

0.0090 

0.000 

-1.676 

30.  0009 

19.0000 

1.470 

•t.f«i 

30.0000 

30.0000 

2.632 

-1,167 

30.  0000 

45.0000 

4.3ft 

-.567 

30.  0000 

60.0096 

6.764 

.164 

30.0000 

73.0000 

7.067 

1.646 

30.  0000 

90.0000 

6.162 

3.332 

*5.0000 

0.0000 

0.000 

.000 

45.  0 00  0 

15.0000 

1.177 

• 11  0 

45.0  00  0 

30.0000 

2,333 

**42 

45.0000 

49.0000 

3.441 

1.006 

45.  0000 

60.0000 

4,464 

1.022 

45.  0000 

75.0000 

6.367 

2.901 

4S.Q000 

60.0000 

6.013 

4.297 

60.  0000 

0.0000 

9,006 

1.676 

60.0000 

15.0000 

• 646 

1.766 

60.0000 

30.0610 

1.667 

2.0.16 

60.0000 

45.0000 

2.<«22 

2.462 

60.0000 

60.0000 

3.067 

3.1*6 

60.  0000 

75.0000 

3.616 

3.606 

60.0000 

90.0*90 

3.666 

4.946 

70.0000 

0,0000 

0.000 

1.410 

75.  0000 

19.0069 

.466 

3.477 

71. 0000 

30.0000 

.066 

3.631 

7S.Q000 

45.0009 

1.261 

3.066 

75.0  000 

60.0100 

1.611 

4.762 

75. 0000 

7S.Q0D0 

1.643 

4.666 

76.0  000 

69.0000 

1,602 

6.177 

60.0000 

a.oooo 

0.000 

6.206 

60.0000 

19.0000 

-.000 

6*274 

60.0000 

30.0000 

-.00  0 

6.206 

60.  0000 

49,0009 

-.010 

6.764 

60.0000 

60,0000 

-.000 

9.264 

60.0000 

75.0000 

-.000 

6.264 

60.0000 

60.0011 

-.010 

9.766 

■ 4T  X0  - 0* 
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Tabto  0.4.3.  Staraographle  Pro|aotion,  Equatorial  Cat*. 


Staraographie  Promotion,  Equatorial  Caw 


Latltuda* 

longltucta* 

X** 

V** 

0.0  000 

0.0000 

0.000 

0.000 

0.0000 

15.0000 

1.579 

0.000 

0.0000 

30,0000 

3,416 

0.000 

0.0000 

45.0000 

5.284 

Q.OQQ 

0.0000 

60.0000 

7 « 1 6 9 

0.  000 

0.  0000 

▼>•0000 

9.70# 

0.000 

0.G0U0 

60.0000 

12,757 

0.000 

10. oooo 

0.0000 

0.  000 

1.679 

lO.OuuO 

15.0000 

l.ubO 

l.-oo 

Is. QUO  0 

30.0000 

3.359 

1 ,7«6 

10. 0000 

46.0000 

5.177 

1.96? 

15. 0000 

60.0000 

7.194 

2»  226 

10.0000 

▼5.0000 

9. >22 

2.641 

lb. uOO  0 

90.0000 

12,322 

3.302 

30. 0000 

0.0000 

0.300 

3.418 

30. 0000 

13.0000 

1.537 

* 3.473 

30.0000 

30.0000 

lil»0 

3.665 

30.0000 

45.0000 

4,44a 

3.056 

30.  0000 

60.0000 

o*o76 

6,651 

30.0000 

7.. 0000 

8.717 

5.210 

30.0000 

30.0000 

11.047 

a,4T6 

45.0000 

0.0000 

0.000 

5.284 

<♦5.0  00  0 

lr.oooo 

1.387 

5.360 

45. 0000 

30.0000 

E,  797 

5.554 

45  ♦ 0 00  1) 

ui.0000 

4.232 

6.013 

45. 0000 

60.0003 

5,771 

6.664 

45,0000 

75.0000 

7.363 

7. 6 ?5 

45. 0000 

93.0000 

9.023 

9.070 

60,0000 

0.0000 

0.  UOO 

7.3c5 

60.0000 

15.0000 

1.113 

7.680 

60, 0000 

30,0000 

2.225 

7.7P9 

60. 0000 

43.0000 

3. 33? 

8,  l»>2 

60.0000 

60.0000 

4,419 

8.  339 

60,0000 

76.0000 

9.453 

9,7*2 

6U. 0000 

90.0000 

6. 178 

11.047 

rt.oooo 

0.0000 

0.000 

9,7*8 

75.0  00  0 

15,0000 

, 684 

9.887 

75.0000 

31.0000 

1.148 

IO.O60 

75.0000 

45.0000 

1*  373 

10.416 

75.0000 

6Q.9QQQ 

2.332 

10.910 

75. 0000 

73.0000 

2,989 

1^*  9«<B 

75.0000 

90.0000 

3,101 

12.32? 

90.0000 

0.0000 

0.000 

12.757 

90. 0000 

15.0000 

-.000 

12.757 

90.0000 

30.0000 

000 

17, 7»7 

90.0000 

45,0000 

-.1)00 

12.786 

90.  0 000 

60.0000 

-.000 

12.7*6 

90.0000 

73.0000 

000 

12, 7*b 

90.  0000 

90.0000 

-.000 

17.756 

4o  - 0*  Xo  - 0s  *Dagraat  ••Matan 


Chapter  6 

CONVENTIONAL  PROJECTIONS 


Conventional  projections  are  those  which  are  neither  equal  area  nor  conformal.  As  was 
mentioned  in  Chapter  1 , this  is  not  a derogatory  term.  The  conventional  projections  were 
produced  in  order  to  preserve  some  special  quality  which  is  more  Important  to  a particular 
cartographer  than  equal  area  or  conformality,  or  to  present  a projection  which  is  either  i 

mathematically  or  graphically  simple.  Since  the  category  of  conventional  is  a catch  -all,  it 
is  to  be  expected  that  there  is  a wide  variety  in  this  class  of  projections.  This  is  true.  Some  '! 

of  these  are  really  of  historical  interest.  Some  are  simply  convenient.  Others  have  proved  ■ 

to  be  cartographic  work-horses.  I i) 

The  most  useful  of  the  conventional  projections  are  the  gnomonic,  the  azimuthal  f 

equidistant,  and  the  polyconic,  both  regular  and  transverse.  The  simple  geometrical  projec-  i j| 

tlons  of  the  conical  and  cylindrical,  as  well  as  the  orthographic  projection  of  the  engineer,  I; 

are  examples  of  strictly  gcometricui  approaches  to  the  problem.  Of  mainly  historical  f 

interest,  are  the  Van  der  Orinten,  the  plate  carrce,  the  curte  paratlelogrammatique,  the  Gull, 
the  Murdoch,  the  Cassint,  and  the  stenographic  variations  such  as  the  Clarke,  the  James, 
and  the  La  Hire.  Finally,  there  are  such  mathematical  endeavours  as  the  globular.  I, 

: f 

Clearly,  the  conventional  projections  provide  maps  ranging  from  the  most  utilitarian  to  j 

the  unique.  i 


6. 1 Gnomonic  Projection  |8 1 , 1 20) 

The  gnomonic  projection  requires  that  the  transformation  of  positions  on  the  surface 
of  the  earth  onto  a plane  be  bused  upon  a projection  point  at  the  center  of  the  earth.  The 
name  comes  from  u gnome’s-cye  view  of  the  world.  The  gnomonic  projection  can  be  a 
purely  geometrical  construction,  However,  we  shall  use  spherical  trigonometry  to  obtain 
the  oblique  gnomonic  projection.  Then,  the  two  limiting  cases  of  the  projection,  the  polar 
and  the  equutorial,  will  be  obtained  by  particularizing  the  oblique  case. 

Figure  6.1.1  portrays  the  geometry  required  for  deriving  the  oblique  gnomonic  projec- 
tion. Let  u plane  be  tangent  to  the  sphere  at  po'nt  0,  whose  coordinates  are  (0o>  The 
Cartesian  axes  on  the  plane  are  such  thut  x is  east,  and  y is  north.  Let  an  arbitrary  point  P, 
with  coordinates  (0,  X)  be  projected  onto  the  plane  to  become  P\  with  mapping  coordinates 
(x.  y). 


Define  un  auxiliary  angle,  between  the  radius  vectors  CO  and  CP.  From  the  figure 

OP'  ® u tun  \p  (6.1.1) 
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On  the  mapping  plane,  define  the  second  auxiliary  angle,  0,  which  orients  OP'  with 
respect  to  the  x-axis. 

Substitute  (6.1.1)  into  (6.1.2). 


Also, 

Substitute  (6.1.1)  into  (6. 1 .4). 


It  is  now  necessary  to  find  0 and  0 in  terms  of  0,  <t>0 , X,  and  X0 . Prom  Figure  6.1.1, 
by  the  use  of  the  law  of  sines 

sin  (X  - X0)  ^ 8in  (90* -0) 
sin  0 " sin  (W  - 0) 

« cosO 

COS0 

sin  0 cos  0 ■ sin  (X  - X0 ) cos  0 (6.1.6) 

Apply  the  law  of  cosines. 

cos  0 ■ cos  (90®  - 0O ) cos  (90°  - 0) 

+ sin  (90°  - 0O ) »ln  (90*  - 0)  cos  (X  - X0 ) 

■ sin  0O  sin  0 + cos  0O  cos  0 cos  (X  - X0 ) 

Apply  equation  (2.10.6) 

sin  0 cos  (90°  - 0)  ■ sin  (90°  - 0O ) cos  (90°  - 0) 

- cos  (90°  - 0O ) sin  (90°  - 0)  cos  (X  - X0 ) 


x ■ OP'  cos  0 

(6.1.2) 

x ■ a tan  0 cos  0 

.utei  „♦ 

COS  0 

(6.1.3) 

y ■ OP'  sin  0 

(6.1.4) 

y ■ a tan  0 sin  0 

.iiW  ,i„9 

COS  0 

(6.1.5) 

(6.1.7) 
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sin  0 sin  0 * cos  0n  sin  0 

- sin  0O  cos  0 cos  (X  - Xo ) (6,1.8) 


Substitute  (6. 1.6),  and  (6,1.7)  into  (6.1.3),  and  (6.1.7)  and  (6.1.8)  Into  (6.1.5). 

\ 

aS  cos  0 sin  (X  - Xo) 

x * - ■ 

sin  0O  sin  0 + cos  0O  cos  0 cos  (X  - X0 ) 

aS  (cos  0O  sin  0 - sin  0O  cos  0 cos  (X  - X0)] 
y"  sin  0O  sin  0 + cos  0O  cos0  cos(X -X0)  (6.1.9) 

Equations  (6.1.9)  arc  the  plotting  equations  for  the  oblique  gnomonic  projection.  The 
grid  resulting  from  a selection  of  0«  ■ 45*,  and  X0  * 0°  is  given  as  Figure  6.1.2.  In  this 
projection,  all  the  meridians,  and  the  equator  are  straight  lines,  since  they  are  great  circles. 
An  arbitrary  great  circle  distance  between  points  A and  C,  on  the  figure,  is  also  a straight 
line.  The  loxodrome  between  these  same  two  points  appears  as  a curved  line.  Compare 
Figure  6.1.2  to  Figure  5.1.2  for  the  equatorial  Mercator,  in  which  the  situation  is  reversed. 
Table  6.1-1  has  the  plotting  coordinates. 

To  find  the  gnomonic  polar  projection,  it  is  necessary  to  let  0O  ■ 90"  in  (6.1.9). 

aScos0s!n  (X-X0) 
x " ~ sin  0 

■ -aS  cot  0 sin  (X  - Xo)  (6.1.10) 

aS  cos  0 cos  (X  - X0 ) 
y ita* 

■ aS  cot  0 cos  (X  - Xq)  (6.1.11) 

A polar  gnomonic  grid  is  given  In  Figure  6.1.3,  and  based  on  (6.1.10)  and  (6.1.1 1).  In 
this  case,  all  meridians  apin  are  straight  lines.  The  parallels  arc  concentric  circles,  whose 
spacing  increases  as  the  latitude  decreases,  Thus,  the  distortion  becomes  extreme  as  the 
equator  is  upproached.  The  equator  itself  can  never  be  portrayed  on  the  gnomonic  polar 
projection,  since  u ray  from  the  center  of  the  earth  to  any  point  on  the  equator  will  be 
parallel  to  the  projection  plane.  Table  6.1.2  is  the  plotting  table  for  the  polar  projection. 
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T«M«  0.1.1.  Qnomortc  OrolwHon.  OMtqu*  Cam. 


LatHudl* 

15.0000 

15.0000 

15. 0000 

15.0  000 

30.0000 

30.0000 
30.  0000 

30.0000 

55.0000 

55.0000 

55.0000 

55.0000 

50.0000 

50.0000 

60.0000 

60.0000 

75.0000 

75.0000 

75.0000 

75.0000 


Qnomonte  OMtoui  TroiMOon 


Longltudi* 

X** 

0.0000 

0*  000 

15.0000 

1*897 

30.0000 

3.977 

55.0000 

6*551 

0.0000 

0*000 

15.0000 

1*513 

30.0000 

3.125 

55.0000 

4*966 

0.0000 

0*000 

15.0000 

1*100 

30.0000 

2*417 

55.0010 

3*736 

0.0000 

0*000 

15.0000 

• 065 

30.0600 

1*736 

55.0000 

7*615 

0.0000 

0*010 

15.0000 

.497 

30.0000 

. 961 

55.0000 

1.437 

y»» 

-3.662 
-3.606 
-3.365 
•t.|73 
-1.705 
-1.606 
-i.m 
-.655 
.000 
• ill 
.556 
1.065 
1.706 
1.611 
7.1*6 
7.660 
3.667 
3.  705 
3.676 
5.356 


■ 46*  #D*tr*** 

Xo  - 0°  **Mmn 
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Titok  8.1 1.  0 nomonte  Protection,  Polar  Com. 


Qnomonte  Polar  Protection 


Ihjtttucte* 

Lonfhwte* 

X** 

yn 

30.0000 

0.0000 

0.000 

-11.040 

30.0000 

15.0000 

2.659 

-10.671 

0.0000 

30.0000 

5.524 

-9.967 

0.0000 

45.0000 

7.612 

-7,812 

0*0000. 

60.0000 

9.567 

•5.524 

0.0000 

75.0000 

10.671 

-2.659 

0.  0000 

90.0000 

11.047 

• 000 

9.0000 

q.oooo 

0.000 

-6.370 

9.0000 

15.0000 

1.  645 1 

-6.161 

9.0000 

30.0000 

3.169 

-5. 524 

9.0000 

45.0000 

4.510 

-4.410 

5.0000 

60.0000 

9.524 

-3.109 

9.0000 

75.0000 

6.161 

-1.651 

5.0000 

90.0000 

6.376 

r.090 

0.0000 

0.0000 

0.000 

*■3.682 

0.0000 

15.0000 

• 953 

-3.557 

0.0000 

30.0000 

1.641 

-3.109 

0.0000 

45.0000 

2.604 

-2.604 

0.0000 

60.0000 

3.169 

-1. 641 

0.0000 

75.0000 

3.917 

-.993 

0.0000 

90.0000 

3.662 

-.0  00 

5.0000 

0.0000 

6.000 

•1.709 

9.0000 

15.0000 

• 442 

-1.691 

5.0000 

30.0000 

• 694 

-1.400 

9.0000 

45.0000 

1. 216 

-1.206 

5.0000 

60.0000 

1.400 

-.095 

5.0000 

75.0000 

1.691 

-.442 

5.0000 

90.0000 

1.7  09 

-.0  00 

0.0000 

0.0000 

0.000 

-.  0 CO 

0.0000 

19.0000 

-.000 

- . 0 CO 

0.0000 

30.0000 

".000 

-.000 

0.0000 

45.0000 

-.000 

-•  0 CO 

0.0000 

60.0000 

".000 

-.000 

0.0000 

75.0000 

-.000 

-.  0 CO 

0.0000 

90.0000 

-.000 

-.000 

Pc  • oor 

X#  ■ o' 

••Mated 

1 

The  equatorial  gnomonic  projection  it  obtained  from  (6.1.9)  by  setting  do  ■ 0°. 


aS  cot  d tin  (X  - Xq) 
cosdcoeCX-Xo) 


■-aStan(X-Xo)  'I 

y. >S»lnd  [ 

coedooe(X-Xo)  J 


Figure  6.1.4  givee  the  equatorial  gnomonic  projection  bated  on  (6.1 .12).  Again,  only  the 
meridians  and  the  equator  are  straight  lines.  The  plotting  coordinates  are  in  Table  6. 1 .3. 


A i i AMMUyUa 

IIMV.14.  WRNIKliiV  rT«|V9BOn|  V^WVinil  WVi 


dnouMMiti  IqMttofW  Pn|ntloA 


i Ahrti* 

Lonattwta* 

yt« 

0*0000 

0,0000 

0.000 

0.000 

0*0000 

15*0000 

1.709 

0.000 

0*0000 

30*0000 

3.000 

0.000 

0*0000 

40.0000 

6*370 

o.boo 

10*0000 

0.0000 

0.000 

1.709 

10*0000 

15.0000 

1.709 

1.769 

10.0000 

30*0000 

3.600 

1.973 

15.0000  .... 

40.0000 

0.370 

0.417 

30,0000 

0.0000 

0.000 

3.640 

30.0000 

10*001) 

1.709 

9*010 

30*0000 

30.0000 

1*100 

4.  000 

30  , 0000 

45.0000 

0*370 

0.000 

AS. 0000 

0.0000 

0.000 

6.370 

41*  0000 

10.0000 

1.709 

6.603 

40*0000 

30.0000 

1*600 

7.365 

40*0000 

40.0010 

6*370 

9.000 
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6.2  Azimuthal  Equkliitant  Projection  |8] , |20| 

The  azimuthal  equidistant  projection  (also  called  Postel's  projection)  it  another  projec- 
tion directly  from  the  earth  onto  a plane.  The  projection  law  in  this  case  is  that  the  distance 
and  bearing  from  the  origin  of  the  plotting  surface  to  any  other  point  must  be  true.  Thus, 
all  great  circles  through  the  origin  ore  lines  of  true  length. 

Figure  6.2.1  shows  the  geometry  for  the  oblique  azimuthal  equidistant  projection. 
Again,  the  plane  is  tangent  to  the  spherical  earth  at  the  mapping  origin,  0.  The  coordinates 
of  the  origin  are  (do , X0 ).  An  arbitrary  point  P on  the  sphere  has  coordinates  (d,  X).  Again, 
the  auxiliary  angle  between  the  radius  vectors  CO  and  CP  Is  d.  By  the  definition  of  the  law 
of  the  equidistant  transformation 

OP' -ad  (6.2.1) 


x - OP'  cos  01 
y-OP'sindJ 

Substitute  (6.2. 1 ) into  (6.2.2). 

x ■ ad  cos  01 
y - ad  »in  0 J 

The  value  of  d is  found  from  (6.1.7). 

d - cos-1  {sin  do  *ln  d 


(6.2.2) 


(6.2.3) 


+ cos  do  cosdcos(X-Xo)}  (6.2.4) 

Since  d i»  restricted  to  the  range  from  0s  to  180s,  d is  uniquely  defined.  Then,  sin  d is 
available  Immediately.  Equations  (6.1.6)  and  (6.1.7)  can  then  be  used  to  obtain  0. 


cosO  ■ 


sin  (X  - X0 ) cos  d 
sin  d 


(6.2.S) 


sin  0 ■ 


cos  do  sin  d *■  sin  do  cos  d cos  (X  - X0 ) 
sin  d 


(6.2.6) 


Equations  (6.2.4),  (6.2.3),  (6.2.6)  and  (6.2.3),  with  the  introduction  of  the  scale  factor, 
s,  are  used  to  produce  an  oblique  azimuthal  equidistant  grid.  Such  u grid  appears  in  Figure 
(6.2.2).  Only  the  central  meridian  is  u straight  line.  Ail  other  meridians,  the  parallels,  and 
the  equator  appear  as  curves  of  varying  degrees  of  complexity.  However,  uny  straight  line 
ruled  on  the  map,  from  the  origin  to  any  arbitrary  point  will  be  true  length,  and  true 
azimuth,  The  azimuthal  equidistant  projection  has  Men  much  modem  use  as  rocket  and 
missile  firing  charts,  and  uir  route  planning  charts.  Table  6.2.1  gives  the  plotting  coordinates. 


Table  14.1.  Ailmutltai  IquMetent  Projeedon,  Oblique  C*m. 


Ailmuthel  IquMtotant  Oblique  Projection 


Latitude* 

longitude* 

X«* 

y«« 

0*  0 000 

0.0000 

0.000 

-6.009 

0.  0 000 

30.0000 

3.670 

-4. SO* 

0.0000 

60.0000 

7.142 

-2.916 

0.0  000 

90.0000 

10.019 

.0  00 

30.0000 

0.0000 

0.000 

-1.670 

30.  0000 

30.0000 

2.674 

-1.173 

30.  0000 

60.0000 

6.413 

.342 

30.0000 

90.0000 

7.142 

2.916 

60.0000 

0.0000 

0.000 

1.670 

60.0000 

30.0000 

1.639 

2.0  06 

60.0000 

60.0000 

2.974 

2 j 992 

60.0000 

90.0000 

3.676 

4.904 

90.0000 

O'.OOOO 

0.000 

9.009 

90.0000 

30.0000 

>••00  0 

9.  009 

90.0000 

60.0000 

-.000 

9.009 

90.0000 

90.0000 

-.000 

9.009 

do  ■ 40‘ 

•Degree. 

Xo  - o* 

••Meter* 
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In  order  to  obtain  the  polar  azimuthal  equidistant  projection,  let  d0 
(6.2.5),  and  (6,2.6).  We  then  have 

■ 90°  in  (6.2.4), 

! 

}J 

14 

d ■ cos*1  (sin  d) 

(6.2.7) 

■}j 

cos  \jj  ■ sin  d 

fj 

4 

* cos  (ir/2  - d) 

i 

j 

, rr 
2 

(6,2.8) 

i 

1 

s 

Substitute  (6.2.8)  into  (6.2.5)  and  (6.2.6). 

j 

sin  (X-X0)  008  ^ 
001 6*  sin  (nr/2  - d) 

« sin  (X  -X0) 

(6.2.9) 

i‘ 

cos  6 cos  (X  -X0) 

,to|- 

(' 

'( 

■-CO*  (X  - X0 ) 

(6.2.10) 

i 

t 

Equations  (6.2.3),  (6.2.7),  (6.2.9)  and  (6,2.10),  with  the  inclusion  of  the  scale  factor, 

S,  give  the  plotting  equations  used  to  develop  a grid  such  as  Figure  6.2.3.  In  this  figure,  all 
the  meridians  are  straight  lines  o.  true  length,  and  the  parallels  are  concentric  circles,  equally 
spaced.  The  coordinates  for  the  polar  case  are  in  Table  6.2.2. 

i 

| 

The  equatorial  azimuthal  equidistant  projection  is  obtained  by  substituting  do  » 0° 
into  (6.2.4)  and  (6.2.6). 

i 

^“cos*1  |co»0  cos(X -X0)l 

(6.2.11) 

\ 

| 

ic  slnd 
sin  6 ■ -r—7 
sin  d 

(6.?.  12) 

The  plotting  equations  are  then  obtained  from  (6.2.3),  (6.2.5),  (6.2.1 1)  and  (6.2. 1 2),  with 
the  aid  of  the  scale  factor,  S. 

4' 

i 

4 

\ 

1 

L 

1 

1 

1 

j 

JUS 
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Tibia  0.2.2.  Azimuthal  IquMIttant  Projaatton,  Mar  Caaa. 


Azimuthal  Equidistant  Polar  Promotion 


Latituda* 

Longituda* 

X** 

y.. 

0.0000 

0.0000 

0.000 

-10,019 

0.0  000 

30.0000 

5.009 

-8.677 

0.0000 

60.0000 

8.67? 

-5.009 

0.0  QUO 

90.0000 

10.019 

.000 

30.0000 

0,0000 

0.000 

-6,679 

30.0000 

30.0003 

3.160 

-5.784 

30.0000 

60.0000 

5.784 

-3.340 

30.0000 

90.0000 

6.679 

.0  00 

00(0  000 

0.0000 

0.000 

-3. 340 

60.0  00  0 

30.0000 

1.670 

-2.892 

60.0000 

60.0000 

2.892 

-1.670 

60.0  00  0 

90.0000 

3.339 

-.000 

90.0000 

0.0000 

0*00  0 

-.0  00 

90.0000 

3 0 . 0 00  S 

-.000 

-•  0 CO 

90.0000 

60.0000 

-.000 

-.oco 

90.0000 

90.0000 

-.000 

-*0C0 

00  ■ 00s  •Oayaaa  ^ 
Xo  ■ 0e  ••Matars 


iHliUmla  iiliiil' 
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6,3  Orthographic  Projection  (20] , (22] 

The  orthographic  projection  is  yet  another  meant  of  portraying  the  sphere  upon  the 
plane  by  a direct  transformation.  This  it  another  projection  that  can  be  developed  by  a 
purely  graphical  means.  In  the  orthographic  projection,  the  perspective  point  is  placed  at 
infinity.  The  projection  rays  fall  perpendicularly  upon  the  tangent  mapping  plane,  after 
Intersecting  the  sphere.  The  geometry  of  this  projection  is  shown  in  Figure  6.3. 1 for  the 
oblique  case.  Only  a hemisphere  or  lets  can  be  portrayed  on  this  projection. 

Again,  the  auxiliary  angle,  d.  between  CO  and  CP,  and  the  auxiliary  angle,  6 , on  the 
mapping  plane  are  needed.  From  the  figure 


OP'  - as  sin  d 

(6.3.1) 

x ■ OP'  cos  01 
y ■ OP'  sin  9 \ 

(6.3.2) 

1 

1 

\ 

Substitute  (6.3. 1 ) into  (6.3.2) 

\ 

x ■ aS  sin  d cos  0 1 
y "aSsln  dsinO  J 

(6.3.3)  , 

\ 

where  s is  the  scale  factor. 

4 

\ 

Equation  (6.1.7)  again  gives 

i 

» 

! 

d • cos-1  (sin  do  *in  d + cos  do  cos  d cos  (X  - X*, )} 

(6.3.4) 

i 

with  sin  d readily  available,  since  0 < d < 90.  From  (6.1.6)  and  (6.1.8) 

1 

. rcos  do  sin  d * sin  do  cos  d cos  (X  - X*  )1 
6 ■ tan"1  r- 77 — r-r 

l sin(X-X0)cosd  J 

(6.3.5) 

\ 

t 

Equations  (6.3.3),  (6.3.4),  and  (6.3.5)  give  the  oblique  orthographic  projection. 

\ 

r» 

The  polar  orthographic  projection  can  be  obtained  from  the  oblique  projection  by 
letting  do  " 90°  in  (6.3.4)  and  (6.3.5). 

1 

i 

: 

d ■ cos"1  (sin  d) 

(6.3.6) 

1 

r-cos  (X-X0)1 

(6.3.7) 

Equations  (6.3.3),  (6.3.6),  and  (6.3.7)  yield  a grid  such  as  the  one  in  Figure  6.3,2.  The 
meridians  are  straight  lines,  and  the  parallels  are  concentric  circles.  As  the  equator  is 
approached  the  parallel  circles  are  compressed  together,  and  distortion  becomes  extreme. 
The  plotting  coordinates  are  in  Table  6.3.1. 
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TtMttJ.1.  Orthofwphlo  PtoMIdh,  Wo  Cm. 


Utftwfc* 

0.0000 

0.0000 

0*0000 

0.0000 

30.0000 

30.0000 

30.0000 

30.0000 
00.0000 
00.0  000 
00.0000 
00.0000 

90.0000 

90.0  00  0 

90.0000 

90.0000 


OrthofrapMt  Ookr  PraiNOon 


Lonottudt* 

X*' 

0.0000 

-.000 

30.0000 

3.169 

60.0000 

5.524 

90.0000 

C.378 

0.0000 

-.  000 

30.0000 

2.762 

60.0000 

4.764 

90.0000 

5.524 

0.0000 

-.000 

30.0000 

1.595 

60.0000 

2.762 

90.0000 

3.169 

0.0000 

-.000 

30.0000 

-.060 

60.0000 

-.060 

90.0000 

-.000 

v«* 

-6.376 
-I.IZ4 
•3.189 
• 000 
-5. SO* 
-4.764 

-a.  m 
• 000 
-3.109 
-2.760 
-1.595 
-.000 
-.000 
-•oco 
-.000 
-.000 


6o  • 00*  •D*rm 
Xfl  - 0T  "Mum 
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An  equatorial  orthographic  projection  ii  given  by  Figure  6.3.3.  This  type  of  projection 
was  used  to  produce  the  first  of  the  Lunar  maps.  The  grid  is  obtained  by  letting  do  ■ 0°  in 
(6.3.4)  and  (6.3. 5).  This  is  another  limiting  case  of  the  oblique  projection. 

^■cos’1  lcos6cos(X-X0)J 

Equations  (6.3.8)  and  (6.3.9)  are  then  used  with  (6.3.3)  to  produce  the  required  grid,  In 
the  figure,  the  central  meridian  and  the  equator  are  the  only  straight  lines.  Notice,  again, 
from  the  figure  that  distortion  becomes  extreme  at  the  margins  of  the  map.  Plotting 
coordinates  are  in  Table  6.3.2. 


(6.3.8) 

(6.3.9) 


•# 
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TiM«t44.  OrthofrupWc  Prolwtion,  IquatorM  Cm. 


OrthocrapMo  IquatorlM  MmMo* 


Latttudt* 

LmiHMl** 

V*. 

0*0000 

o.oooo 

*000 

• ooo 

0.0000 

30.0000 

3.109 

0.  000 

0.0000 

60.0000 

5.324 

0.000 

0.0000 

90.0000 

6.370 

0.  000 

30.  0000 

0.0000 

.000 

3.189 

30.0000 

30.0000 

0.762 

3.189 

30.0000 

60.0000 

. 4.704 

3.189 

30.0000 

90.0000 

' 5.924 

3.189 

60.0000 

0.0000 

• 000 

9.524 

60.0000 

30.0000 

1.995 

9.924 

60.0000 

60.0000 

2.762 

5.524 

60.0000 

90.0080 

3.189 

5.924 

90.0000 

0.0000 

• 000 

6.370 

90.0000 

JO. 0000 

• 000 

6.370 

90.0000 

60.0000 

• 000 

6.370 

90.0000 

90.0000 

• 000 

6.370 

#0-0*  *Dhwm 
X0  • fl*  •»WMm 
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6.4  Simple  Conical  Projection!  [8] , (22) 

The  eimple  conical  projection!  to  be  coniidered  in  thii  motion  are  the  one  and  two 
atandard  parallel,  and  the  panpective  cam.  All  of  theae  are  baaieally  graphical  projection!. 

The  geometry  for  the  aimple  conical  projection,  with  one  itandard  parallel,  la  dis- 
played in  Figure  6.4. 1 . The  cone  ia  tangent  to  the  aphere  at  the  latitude  do , with  central 
meridian  at  longitude  Xq*  Thia  ia  diaplayed  in  aection,  with  the  cone  tangent  at  point  0.  The 
conatant  of  the  cone,  from  Section  1 .6,  ia 


c-alndo 

(6.4.1)  i ; 

From  the  figure 

1 i 

1 

P0  ■ a cot  do 

(6.4.2)  j 

! .1 

To  obtain  the  apacing  of  the  parallel*,  let  the  central  meridian  be  divided  truly.  Thua, 
with  the  help  of  (6.4.2) 

p-p0  -a(d-do) 

(6.4.3)  1 

From  (6.4.1) 

j 

fl-c(X-Xo) 

(6.4.4)  1 

"l 

Subatitute  (6.4.1)  into  (6.4.4). 

■j 

(6.4.5) 

/ 

The  abaciaaa  ia,  from  (6.4.2)  and  (6.4.3) 

x ■ aS(cot  do  - (d  - do)l  »in  l(*  - *o>  »in *o ) 

(6.4.6) 

The  ordinate  ia 

y-aS{cotdo  “(cot do  -(d-do)l  «<» l(X-Xo)alndol} 

(6.4.7) 

where  S ia  the  acale  factor. 

The  grid  for  thia  projection  ia  given  in  Figure  6.4.2  for  dp  « 4S*  and  Xa  N 0*.  All  of 
the  meridian*  are  etraight  linea,  and  the  parallel!  am  concentric  circlee,  equally  eneoed.  Thia 
grid  haa  frequently  been  uaed  In  atlaaea.  Table  6.4.1  givee  the  plotting  coordimnaa. 

The  aimple  conical  conatruction  for  the  two  atandard  parallel!  caae  follow!  from 
Figure  6.4.2.  The  cone  ia  defined  to  have  true  length  atandard  parallel!  at  dt  and  d).  with 
p)  >d,.  From  the  equal  apaclng  criterion  along  the  central  meridian 
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Latitu** 

j.QOuO 

a.oo&c 
o.uoau 
0.0000 
0 • 0 00  0 
0.0000 
Ut 0000 

15.0000 
lj.0000 

li*. 0000 
15.  0000 
ls.0000 

19. 0000 

15.0000 

30.0000 
30.0000 
Ju.OOOo 
30.0000 
3J.Q0UQ 
30.0000 
3 1).  0000 

43.0000 
<*9.0300 

49.0000 

49.0000 

43.0000 

45.0000 

49.0000 
oO.OOOO 
oO.OQOO 
6u • OOOO 

60.0000 
•Q.oooa 
60.0000 
63.0000 


TIM*  M.1.  IlmM*  ConM  frojactten,  Om  Hand md  PnaM. 


Itmpto  CoaImI  On*  iMntMrO  NrtlW 

X»* 


Lontftu** 

0.0  Quo 

11.0  000 
3 O.UOOO 
,5.QQQQ 
o 0 . 0 00  0 

71 .0  000 
90.3000 

0.0000 

13.0000 

30.0000 
*3. 3000 
60.0300 

75.0000 
90.3000 

o.aaoo 

15.0000 

30.0000 
*3.0000 

60.0000 
76*0030 
90.0  000 

0.0  000 

15.0000 

30.0000 
*5.0  00  0 
eU.0000 
75*0330 

93.0000 

3.0030 

11.3000 

30.3003 

46.0000 

60.0030 

75.0030 
9 3.0  000 


0.  000 
2.096 
4.121 
b.  004 
7.663 
9.099 
10*204 
0.000 
1.769 
3.S16 
5.124 
6.555 
7.T64 
6.707 
0.000 
1.461 
2.912 
4*243 

5.430 

6.430 
7.211 
0.000 
1.174 
2.306 
3.  363 
4.303 
5.096 
5.715 
0.000 

• 667 
1.704 
2.462 
3.176 
3.762 
•..219 


Y«* 

-5.009 
-4.615 
•4.236 
-3.296 
-2.02? 
-.470 
1.322 
-3.340 
-3.174 
-2.661 
-1.679 
-.795 
• 534 
2.063 
-1.670 
-1.532 
-1.124 
-.460 
.436 
1.539 
2.605 
.000 
.109 
.432 
.959 
1.670 
2.543 

3.546 
1.670 
1.750 
1.969 
2.377 
2.903 

3.547 
4.266 


do  - 

x0  ■ o' 
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Pi  -P2  *a(^a  -0i> 

From  the  similar  triangles  in  Figure  6.4.3 

Pj  acos^j 

Pj  a cos  02 

COS  0j 

tt  ■■■■-— ... 

COS  02 
COS  03 


(6.4.8) 


Pa  "Pi 


COS  0! 


(6.4.9) 


Substitute  (6.4.9)  into  (6.4.8), 


/ COS  0j\ 


Pi  “ 


a(02  - 0i ) 

COS  02 
COS  0t 


(6.4.10) 


1 


A radius  vector  to  an  arbitrary  point  P'  of  latitude  0 on  the  central  meridian  is,  with 
the  requirement  of  equal  spacing  applied, 


Substitute  (6.4. 1 0)  into  (6.4. 1 1 ). 

p * a 


p-p,  - a(0  - 0j ) 
0a  -01 


1 - 


COS  02 
COS  0i 


- (0  - 01  ) 


(6.4.11) 


(6.4.12) 


The  next  step  is  to  find  a constant  of  the  cone  for  this  configuration.  From  the 
requirement  of  the  circle  of  parallel  to  be  true  length  at  04  • 


2rra  cos  0i  * 27rct pt 

a cos  0) 
C(  ■ 

1 Pi 


(6.4.13) 
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Substitute  (6.4.10)  into  (6.4.13) 


a cos 

C‘  " a(0a  -0t) 

COS  02 
' ” COS  0t 


■ COS  0i 


COS  0i  - COS  02 

02  -0j 


(6.4.14) 


We  now  have  the  equations  (6.4. 1 2)  and  (6.4. 1 4)  for  a polar  representation  of  the  map 
point.  The  next  step  is  to  obtain  the  Cartesian  plotting  equations.  These  are 


x«  aS-< 


02  “ 01 
■■MMMMMWa 

COS  02 


-(0-0,) 


1- 


y B aS^ 


co»  0i 
X sin  t(X  -Xo)Ci  1 

f 02  “01 


1 - 


COS  02 


-(0- 


COS  0| 

X {l  - cos  l (X  - X0 )Cj )} 


(6.4.15) 


(6.4.16) 


Equations  (6.4.14),  (6.4.1  S),  and  (6.4,15)  yield  the  grid  of  Figure  6.4.4.  Again,  the 
meridians  are  straight  lines,  and  the  parallels  are  equally  spaced  concentric  circles.  This 
projection  has  been  used  quite  often  for  atlas  maps  where  it  is  not  necessary  to  have  either 
conformality  or  equal  area.  The  plotting  coordinates  are  in  Table  6.4.1. 


The  geometry  for  the  conical  perspective  projection  is  shown  in  Figure  6.4.5.  The  cone 
is  tangent  at  latitude  0n , and  the  central  meridian  has  longitude  X0. 

The  constant  of  the  cone,  and  the  radius  of  the  parallel  circle  of  tangency  are  given  by 
(6.4.1)  and  (6.4.2),  respectively.  From  the  figure,  the  distance  to  an  arbitrary  latitude  is 


p-p0 -atan(0-0o)  (6.4.17) 

We  now  have  the  polar  coordinates  for  this  projection.  The  Cartesian  coordinates,  using 
(6.4.1),  (6.4.2),  and  (6.4. 17)  are 


TiMi  liJ.  •IhibU  finnlid  riiiUtiinn  Two  Mandat'd  ParWM*. 

VMPv  ^M^waMa  WIll^WW  a1  a Wli  WaWPi^HlI  rwwWvi 

•impta  Conioal  Two  Itwwlard  Nrallali 


Latituda* 

UnjKudi* 

X** 

18.0000 

0.0000 

0.000 

•t 

18 • C 000 

15 .0  000 

1.742 

•1 

18.0000 

50.0000 

3.426 

•1 

18.0000 

45.0000 

4.995 

m 

16.0000 

60.0000 

6.  398 

30.0000 

0.0000 

0.000 

30.0000 

15.0000 

1 . 438 

3 0,0 000 

30.0000 

2.828 

30.0000 

49.0000 

4.124 

1 

30.0000 

60.0000 

5.261 

2 

46.0000 

0.0000 

0*000 

1 

46.0000 

15.000  0 

1.134 

1 

45.0000 

30.90Q0 

2*230 

2 

46.0000 

45.0000 

3.252 

2 

48.0000 

60.0000 

4.165 

3 

60.0000 

0.0000 

0.000 

3 

60.0000 

15.0000 

.630 

3 

60,0000 

30.0000 

1.633 

3 

60.0000 

45.0000 

2.381 

4 

60.0000 

60.0000 

3.049 

4 

75.0000 

0.0000 

0.000 

$ 

75.0000 

15.0000 

.926 

5 

75.0  000 

30.0000 

1.035 

3 

75.0000 

45.0000 

1.509 

f 

75.0000 

60.0000 

1.933 

3 

#1  - 10*  *Dafraa« 
#l  ■ 10*  ••Mum 
X0  - 0* 


x-  aS[cot4o 

Xtin  [(X-Xo)«in^0) 


(6.4.18) 


y*aS  [cot  do  -tan(d-do)) 

X {l-cos[(X-X0)slnd0)}  (6.4.19) 


when  S la  the  aeele  factor. 

Equation!  (6.4. 1 8)  and  (6.4. 19)  give  the  grid  of  Figure  6.4.6.  The  parallels  are 
concentric  circle*,  and  the  meridian*  are  straight  line*.  The  spacing  of  the  parallel*  increase* 
in  either  direction  from  the  standard  parallel.  Thu*,  distortion  increases  significantly  as  one 
moves  north  or  south  of  the  circle  of  tangency.  This  projection  has  been  used  for  purely 
illustrative  atlases. 


Ak.AlA  ulAt  .. 
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6.S  Polyconic  Projection  [11,  [25] 

The  polyconic  projection  is  a modified  conical  projection  bued  on  a variation  of  the 
aimple  conical  projection.  The  eaience  of  the  variation  is  that  every  parallel  ii  a standard 
parallel,  and  there  are  an  infinity  of  tangent  cones. 

First,  it  is  necessary  to  derive  the  polar  coordinates.  The  central  meridian  is  true  length, 
and  has  longitude  Xq  . Choose  some  latitude  do  ss  the  extremity  of  the  map,  and  the  origin 
of  the  coordinate  system.  Then,  the  distance  along  the  meridian  for  a spherical  earth  is 

d-a(d-d0)  ' (6.5.1) 

From  (1.6.1),  the  radius  to  the  point  of  tangency  for  an  arbitrary  latitude  d.  or  the 
first  polar  coordinate,  is 


p ■ a cot  d 

(6.5.2) 

and  the  constant  of  the  cone  is,  from  (1.6.4) 

c ■ sin  d 

(6.S.3) 

The  second  polar  coordinate  is,  from  (6.5.3) 

9 ■(X-X0)sind 

(6.5.4) 

The  Cartesian  mapping  equations  are 

x ■ p sin  9 ] 

y ■ d + p(l  -cosd)J 

' (6.5.5) 

Substituting  (6.S.1),  (6.5.2),  and  (6.5.4)  into  (6.5.5). 

x ■ uS  cot  d sin  [(X  - Xo)  sin  dl 
y • aS  {d  - d0 

+ cot  d [l  - cos  [(X  - X0)  sin  dl]}J 

where  S is  the  scale  factor. 

Figure  6.5.1 1|  the  regular  polyconic  projection.  The  central  meridian  and  the  equator 
are  the  only  straight  lines.  All  other  meridians  are  curves.  The  central  meridian,  the 
equator  and  all  parallels  are  true  length.  Thus,  the  distortion  occurs  in  angles,  areas,  and 
meridlanal  length  for  all  meridians  except  for  the  central  meridian.  The  polyconic  projec- 
tion has  been  used  quite  often  in  atlas  and  road  maps,  and  its  wide  acceptance  has  justified 
its  existence.  A projection  table  for  the  polyconic  projection  is  given  in  Table  6.5.1. 


I 


(6.5.6) 
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The  transverse  polyconlc  cue  followi  from  applyinf  the  rotation  formula*  of  Section 
2.10  to  the  plotting  equation*  for  the  regular  caae.  Write  (6.5.6)  as 

x ■ aS cot  h tin  ((«- «o) tin  h] 

y»aS  {h-ho  (6.5.' 

+ both  [1  - cot  ((a  - «o ) tin  hi]} 

where  h,  h_ , a,  and  «,  are  measured  in  the  auxiliary  coordinate  ayttem,  and  S i*  the  icale 
factor. 

The  rotation  formula*,  from  (2.10.4),  (2.10.5),  and  (2.10.6),  for  the  transverse  case, 
with  0,  are 


sinh  m cosd  cos  (X-Xp)' 
cos  a cos  h ■ sin  <f> 

tan  « ■ sin  (X  - Xp)  cot  p , 


(6.5. 


Equations  (6.5.7)  and  (6.5.8)  are  used  to  derive  grids  luch  at  the  one  in  Figure  6.5.2. 
The  transverse  polyconic  projection  has  also  enjoyed  wide  acceptance  in  atlas  and  road 
maps. 
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6.6  Simple  Cylindrical  Projections  ( 22] 

Two  simple  cylindrical  projections  will  be  considered.  These  are  the  perspective  and 
the  Miller.  In  both  cases,  the  sphere  is  transformed  to  the  intermediate  developable  surface, 
the  cylinder. 

The  perspective  projection  is  a graphical  representation. 

Figure  6.6.1  shows  the  grid  of  the  cylindrical  perspective  projection.  The  abscissa  of 
the  plotting  equations  is  simply 


x ■ aS(X-Xo)  (6.6.1) 

where  s is  the  scale  factor,  and  Xo  is  the  longitude  of  the  central  meridian.  The  ordinate 
follows  from  consideration  of  the  figure 


y*aStand  (6.6.2) 

Then,  (6.6. 1 ) and  (6.6.2)  are  evaluated  to  obtain  the  grid.  Distortion  becomes  very 
great  as  higher  latitudes  are  reached.  Thus,  this  projection  has  served  in  the  role  of  an 
illustration. 

The  Miller  projection  calls  for  the  oquator  to  be  4a  in  length,  and  the  meridian  to  be  ire 
in  length.  Thus,  the  meridians  are  true,  but  the  equator  is  compressed.  The  total  area  of 
the  map  is  4va2 , which  is,  by  design,  equal  to  the  total  area  of  the  sphere.  The  plotting 
equations  are  simply 


x-2=2(X-Xo) 
y -aSd 


(6.6.3) 


where  X0  is  the  longitude  of  the  central  meridian,  and  X,  Xo , and  d are  in  radians.  Again,  S 
is  the  scale  factor. 


The  grid  resulting  flrom  (6.6.3)  is  shown  in  Figure  6.6.2.  In  general  it  is  better  to  com 
elder  this  projection  as  conventional  rather  than  equal  area.  The  distortion  at  middle 
latitudes  is  leu  than  in  the  equal  area  cylindrical,  but  it  it  greater  at  the  equator.  A plotting 
table  is  included  as  Table  6.6, 1 . 
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6.7  Plate  Carrie 

The  Plate  Carrie  Is  a simple  cylindrical  projection  with  the  equator  as  the  standard 
parallel  defined  by  a simple  mathematical  rule. 

The  meridians  are  true  length  straight  lines,  parallel  to  each  other.  The  meridians  are 
divided  as  on  the  sphere,  so  the  parallels  are  their  true  distance  apart.  The  parallels  and  the 
equator  are  also  straight  lines,  perpendicular  to  the  meridians.  The  equator  is  also  divided 
as  on  the  sphere. 

The  result  of  this  is  the  square  grid  of  Figure  6.7. 1 . The  plotting  equations  which 
produce  this  grid  are 

x«aS(X-X0)  (6.7.1) 


where  X0  the  longitude  of  the  central  meridian  and  S is  the  scale  factor.  The  angles  X,  Xq, 
and  $ are  in  radians. 

The  distortion  in  length  is  extreme  along  the  parallels.  The  poles,  which  are  points  in 
reality,  arc  represented  as  straight  lines.  The  projection  pretends  at  neither  conformality  nor 
equivalence  of  area.  It  does  serve  us  a reasonable  diagrammatric  representation  of  data,  and 
is  found  in  many  technical  reports  where  no  greater  cartographic  sophistication  is  required. 
The  Plate  carr&e  is  a map  done  on  standard  graph  paper. 
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6.8  Carte  Pamllelogrammatlque 


The  carte  parallelogrammatique,  or  die  recktecklge  plattkarte,  has  a fancy  name  for  a 
simple  projection.  It  is  essentially  a variation  for  the  plate  carrie,  in  which  two  standard 
parallels,  equally  spaced  around  the  equator,  are  taken  as  true  length.  The  meridians  are 
also  true  length.  The  plotting  equations,  in  which  0O  is  the  latitude  of  the  standard  parallels, 
and  X0  is  the  longitude  of  the  central  meridian,  are 


x-aS  cos  0O  • (X-Xq) 
y - aS4> 

in  which  <t>,  X,  and  Xq  are  In  radians,  and  S is  the  scale  factor. 


(6.8.1) 


A grid  developed  from  (6.8. 1 ) is  given  in  Figure  6.8. 1 . This  projection  has  seen  some 
limited  use  in  atlases.  It  was  developed  as  a means  of  reducing  some  of  the  distortion 
inherent  in  the  plate  carrie.  The  area  between  the  standard  parallels  is  smaller,  and  that 
poleward  from  each  standard  parallel  is  larger  than  on  the  earth. 
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6.9  Globular  Projection  (8] , 1 22) 


The  globular  projection  li  a convential  meant  of  portraying  a Kemitphere  within  a 
circle.  In  this  projection,  the  central  meridian,  with  longitude  , and  one  half  of  the 
equator  are  diameters  of  the  circle.  The  central  meridian  and  the  equator  ate  divided  truly. 

Define  a typical  circle  of  parallel  of  latitude,  0,  This  is  shown  in  Figure  6.9. 1 . Let  d 
be  the  distance  from  the  equator  to  the  specified  latitude  along  the  central  meridian.  Let  c 
be  the  chord  length,  and  h be  the  distance  from  the  circular  arc  to  the  chord.  Let  p be  the 
polar  radius  vector. 

The  distance  along  the  central  meridian,  between  the  equator,  and  the  circle  of  latitude 
is 


d ■ np 

From  the  figure 

c ■ 2a  cos  p 
h ■ a sin  p - ad 

From  the  geometry  of  the  clrculur  segment 

c«v/4h(2p  - h) 


(6.9.1) 


(6.9.2) 

(6.9.3) 

(6.9.4) 


Substitute  (6.9.2),  and  (6.9.3)  into  (6.9.4),  and  re-arrange,  to  obtain  the  first  polur  coordi- 
nate, p. 


c2  ■ 4h(2p  - h) 


2p  ■ h + 


£ 

4h 


*K) 

*[' 


(sin  0 - d)  + 
sin  0 - 0 + 


4u2 


cos 


4a  (sin  0 
cos2  0 


'Jj 

-0)J 


sin  0 - 0 


(6,9.5) 


also. 


The  second  polar  coordinate,  0,  follows  from  the  geometry  of  the  circular  segment, 
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0*  2 tan-1 


(6.9.6) 


Substitute  (6.9.2)  and  (6.9.3)  into  (6.9.6) 


(6.9.7) 


The  parallels  are  divided  equally.  Thus,  a second  auxiliary  angle  0 can  be  defined  by 
the  projection 


.£ 

x •*  Xq  r 


0 ■ (X  - Xo)0/ir 


Substitute  (6,9.8)  into  (6,9.7). 


The  cartesian  plotting  equations  are 

x ■ p sin  0 

y“  d + p(l  - cos  0) 

Substitute  (6.9. 1 ),  (6.9.5)  and  (6.9.9)  into  (6.9. 10). 

.1 


x-i 
X 2 


sin  0 - 0 + 


COS' 


\±] 

-0 


sin  0 ' 


I - COS 


sin  0 - 0 + 


cos2  0 
in  0-0 


sin  0 
2(X-X0)t„"-' 


•s 


(6.9.8) 


(6.9.9) 


(6.9.10) 


(6.9.11) 


(6.9,12) 


where  S is  the  scale  factor. 
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6,10  Gill’#  Projection  [22] 

Gall's  projection  Is  a stereographic  cylindrical  projection,  with  two  standard  parallels 
at  45°  north  and  south.  Figure  6,10,1  shows  the  geometry  for  the  development.  The 
meridians  are  spaced  truly  on  the  two  standard  parallels,  Thus,  the  abscissa  is 

x ■ ^aS  cos  j (X  - Xo ) 

-0.70711  aS(X-Xo)  (6.10.1) 

where  X0  Is  the  longitude  of  the  central  meridian.  The  ordinates  are  obtained  in  a similar 
manner  to  the  sterographic  projection  of  Section  5.4. 

y-  1.7071  laS  tan  | (6.10.2) 

in  (6. 10. 1 ) and  (6. 10.2),  S is  the  scale  factor,  and  X and  X0  are  in  radians. 

This  projection  has  been  successfully  used  to  produce  world  maps,  since  the  distortion 
is  tolerable.  However,  it  must  be  kept  in  mind  that  neither  conformality  nor  equal  area  is 
preserved. 


6,11  Van  der  Grinten  Projection  |22) 


The  Van  der  Grinten projection  contains  the  complete  sphere  within  a clrble.  This 
projection  has  seen  some  use  in  atlas  and  National  Geographic  Society  maps.  While  it  does 
not  pretend  to  display  conformality  or  equal  area,  it  does  present  a pleasing  representation 
of  the  earth's  surface.  There  is  neither  the  east  west  extension  in  higher  latitudes  that  is 
characteristic  of  the  Mercator,  nor  the  extreme  compression  in  these  areas,  as  shown  in  the 
• sinusoidal  or  Moliweide. 

Figure  6.1 1 .1  gives  the  geometry  of  the  projection.  The  equator  is  divided  equally, 
and  is  represented  by  the  line  VQ.  The  line  NS  is  the  central  meridian,  which  is  uIbo  divided 
equally. 

Consider  a purely  graphical  construction  of  this  projection.  Join  N and  V.  Locate  an 
arbitrary  latitude  A*  on  NO,  where 


OA'  - NO  4r 


«2N0£  (6.11.1) 

Draw  AA'  parallel  to  VQ.  The  intersection  of  AA'  with  NV  is  B.  Join  B and  Q.  The  inter- 
section of  BQ  and  NO  defines  the  point  C'.  Draw  CC’  parallel  to  VQ.  Point  C constitutes 
one  of  the  necessary  points  of  the  projection.  Its  symmetric  image  about  NO  is  a second 
such  point.  C*  connect  A and  Q.  AQ  intersects  NO  at  D.  This  is  the  third  point  necessary 
to  completely  define  a circle  of  parallel. 

A circular  arc,  whose  radius  is  uniquely  defined  by  the  location  of  points  C,  D,  and  C", 
is  drawn  to  obtain  a circle  of  parallel. 

Meridians  are  also  circular  arcs.  These  are  fit  through  the  poles  and  the  equatorial 
point  for  the  particular  longitude.  From  the  central  meridian,  of  longitude  X0,  the  point  on 
the  equator  Is 

(X-X0) 

d ■ VO  — - — (6.11.2) 

The  usual  means  of  constructing  u mop  using  this  projection  is  to  inscribe  the  grid,  and 
then  plot  points  on  this  grid  as  functions  of  d and  X. 
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6.1 2 Murdoch'i  Projection  |22| 


Murdoch’!  projection  hat  been  uied  In  atlases.  It  it  a Meant  projection,  but  differs 
from  the  simple  conic  with  two  standard  parallels.  There  are  three  variations  of  this  projec- 
tion, but  only  one  of  these  variations  will  be  derived  from  Figure  6. 1 2. 1 . 

In  the  first  variation,  the  parallels  are  spaced  their  true  distance  apart  on  the  central 
meridian,  with  longitude  X0 . The  constant  of  the  cone  is 


($i  +*  j\ 

where  is  the  lower  standard  parallel,  and  02  is  the  upper  standard  parallel. 
From  the  conditions  of  equal  spacing 

'0  2 

| 2 sm  | 

CB  ■ a 


The  middle  latitude  is 


02  -01 


0,  +0j 


(6.12.1) 


(6.12.2) 


(6.12.3) 


The  radius  of  the  middle  parallel  is 

TB  ■ CB  cot  0 

The  radius  of  the  lower  standard  parallel  is 

P\  -TB  + a (0-0t) 

Thus,  the  first  polar  coordinate  is 

PmP\  -a(0-0i) 

Substitute  (6. 12.2),  (6. 1 2,3),  (6. 1 2.4),  and  (6. 1 2.5)  into  (6. 1 2.6). 


P -a 


r /$2  -0A 

2,lnbH 

02  - 0| 

a 

'4  2 ) 

(6.12.4) 


(6.12.5) 


(6.12.6) 


(6.12.7) 


i 
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The  second  polar  coordinate  is 

0 ■ (X  - \0  )c 


Substitute  (6.12.1)  Into  (6.1 2.8). 


0- 


4>\  2 

2 


•) 


The  cartesian  plotting  coordinates  are 

x ■ (p  sin  0)  S 


y«  (pi  -p(l  - cos 0)1  S 


(6.12.8) 


(6.12.9) 


(6.12.10) 


Equations  (6.1 2.f*),  (6.12.7),  (6.12.9)  und  (6.12.10)  produce  the  desired  grid,  where  S 
is  the  scale  factor. 
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6.13  Stenographic  Variations  1 22 ) 

Several  variations  of  the  stenographic  projection  have  been  developed  to  reduce 
distortion  in  regions  of  particular  interest.  These  are  the  James,  the  La  Hire,  and  the  Clarke. 
All  of  these  arc  geometric  perspective  projections,  and  can  easily  be  obtained  by  an  altera* 
tion  of  the  stereographic  projection  of  the  sphere.  Figure  6.13,1  shows  the  location  of  the 
projection  points  for  a polar  projections  of  these  variations  as  compared  to  those  of  the 
gnomonic  and  the  stereographic.  La  Hire  took  the  projection  point  as  1.71  times  the 
radius  of  the  earth.  James  used  i .367  times  the  radius,  and  Clarke’s  value  varied  between 
1.35  and  1 .65  times  the  radius.  We  will  consider  a derivation  of  the  plotting  equations  for 
a polar  projection. 


From  Figure  6.13.2, 


tan  0 * 


g_ 

a(t  +c') 


p B a(  1 + c’)  tan  0 (6.13.1) 

It  Is  now  necessary  to  relate  0 and  0. 

AB  ■ a sin  (90°  - 0) 

* u cos  0 (6.13.2) 


tan  0 


AB 

a (cos  (90°  - 0)  + c'l 


AB 

a (sin  0 + c') 


(6.13.3) 


Substitute  (6.13.2)  into  (6. 1 3.3) 


tan  0 = 


a cos  0 
a (sin  0 ■+■  e') 


COS  0 

sin  0 + c' 


(6.13.4) 


Substitute  (6.13.4)  into  (6,13.1). 

a(  1 + c1)  cos  b 
^ sin  b + c* 


(6.13.5) 


The  Cartesian  plotting  equations  follow  from  (6.13.5) 


I 


where  S is  the  scale  factor,  and  c'  is  given  by  Table  6.13.1. 

This  series  of  projections  has  had  some  utility  in  geodetic  mapping. 

Table  6.16.1.  Values  of  o' 
for  the  variation!  of  tha 

■aaaojyaaaaihlo 

V|RVQpl|RiW  i riwjCvuOtl  > 


Name 

a' 

'Clarks 

1.38 

Jamas 

1.367 

Clarks 

1.66 

Ua  Hire 

1.71 ... 

I ’■ 
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6.14  Cassini’s  Projection  [22] 

Cassini  projection  is,  in  effect,  a transverse  cylindrical  equidistant  projection.  Fo;  this 
projection,  choose  a central  meridian,  and  let  the  origin  be  at  the  intersection  of  this  central 
meridian  and  the  equator.  The  mapping  coordinates  follow  simply  from  a consideration  of 
distance  on  a sphere. 

In  Figure  6.14.1,  P is  the  arbitrary  point  as  the  sphere,  with  latitude  0 and  longitude  X. 
PQ  Is  a great  circle  through  P and  perpendicular  to  the  central  meridian. 

Let  * and  0 be  auxiliary  central  angles,  as  shown  in  the  figure.  Apply  Napier’s  rules  to 
the  spherical  triangle  to  obtain  these  angles. 

sin  * • cos  (90°  -X)  cos  6 


■ sin  X cos  * 

\p  "sin"1  (sin X cos *) 
sin  (90°  - X)  ■ tan  * tan  B 


(6.14.1) 


tan  6 111 

tun* 


(Sfc) 


(6.14.2) 


The  mapping  equations  follow  from  (6.14.1 ) and  (6.14.2)  plus  the  radius  of  the  sphere. 


x ■ a'S'Sin'1  (sin  X cos*) 


(6.14.3) 


where  S is  the  scale  factor. 


larity. 


From  (6.14.3).  the  true  distance  on  the  sphere  is  maintained,  as  is  also  the  perpendlcu- 
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Chapter  7 

THEORY  OF  DISTORTIONS 


Distortion  is  the  cartographic  bane.  This  was  mentioned  in  Chapter  1 . No  matter  what 
technique  or  algorithm  is  used,  distortion  will  occur  in  length,  angle  or  area,  or  in  a combi* 
nation  of  these.  Throughout  Chapters  4, 5,  and  6,  it  was  pointed  out  where  distortions  do 
occur  for  particular  projection,  but  this  was  treated  only  qualitatively.  This  brief  chapter 
will  deal  with  the  general  theory  of  distortion  in  maps  in  a quantitative  way.  Formulas  will 
be  developed  to  quantify  the  distortions  in  length,  angle,  and  area.  Then,  these  generalities 
will  be  applied  to  the  most  frequently  used  equal  area,  conformal,  and  conventional  projec- 
tions. Thus,  we  will  have  suggested  a numerical  means  of  assessing  the  acceptability  of  a 
map  for  a particular  application.  Finally,  some  of  the  different  classes  of  maps  will  be  com- 
pared in  a qualitative  manner. 


7. 1 Distortion  in  Length  ( 10| , [20] 

In  order  to  describe  distortion  in  length,  we  will  consider  a two  dimensional  plotting 
surface,  and  derive  terms  for  distortion  along  the  parallels  and  meridians,  as  compared  to 
true  distance  along  a sphere  or  spheroid.  The  derivation  begins  with  the  first  fundamental 
forms  of  the  earth  and  the  plotting  surface.  The  ratio  of  these  fundamental  forms  is  defined 
to  be  m.  From  (2.3.3) 


ml  - E(d*)a  + 2 F d0  dX  + G(dX)2 
e(dd>)2  + 2 f d0  dX  + g(dX)2 


(7.1.1) 


where  the  capital  letters  refer  to  the  mapping  surface,  and  the  lower  case,  to  the  sphere  or 
spheroid.  Since  we  are  dealing  exclusively  in  orthogonal  systems  for  the  mapping  surface 
and  the  earth,  the  substitution  of  F " f ■ 0 into  (7.1.1)  yields 


mj  . K(d»)2  + C»(dX)2 
e(dp)2  + g(dX)2 


(7.1.2) 


The  distortion  along  the  parametric  $-curve,  or  meridian,  where  dX  ■ 0,  is,  from  (7. 1 .2). 


(7.1,3) 


and  the  distortion  along  the  parametric  X-curve,  perpendicular  to  the  meridian,  where  d^ 
0.  is 
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m„ 


(7.1.4) 


These  distortions  in  distance  will  be  applied  to  particular  projections  in  Sections  7.4, 
7.5,  artd  7.6.  True  length  corresponds  to  mp  - m„,  * 1 . 


7.2  Distortions  in  angles  ( 10] , (20) 

Figure  7.2.1a  is  needed  for  the  derivation  of  the  angular  distortion.  Again,  from  the 
first  Aindamental  for  the  model  of  the  eat*h 

(ds)3  - e(d0)3  + 2f  dp  dX  + g(dX)».  (7.2.1) 

The  angle  between  the  parametric  and  X -curves  intersecting  at  point  P is 

co  ■ a + p (7.2.2) 

Consider  the  differential  parallelogram  to  be  sufficiently  small  in  area,  so  that  it  can  be 
treated  as  a plane.  Then,  the  law  of  cosines  applies. 


(ds)3  ■ e(d*)2  + g(dX)2 

+ 2 v/eg  d$dX  cos  to 

Equating  (7.2.1)  and  (7,2.3) 


cosco 


Also, 


sin 


/STJ7 

co  ■ ,/  .1— ■— 
/eg 


(7.2.3) 


(7.2.4) 


(7.2.5) 


Since  we  will  deal  with  orthogonal  systems,  f ■ 0.  and  from  (7.2.4)  and  (7.2.5) 

cos  to  ■ 0 
sinw  ■ I 
co  ■ t/2 

Thus,  from  (7,2.2) 


a + 0 ■ w/2 


(7.2.6) 
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From  the  figure 


cos  a 


•ina-v/T^ 


(7.2.7) 


Consider  now,  Figure  7.2.1b,  where  an  infinitesimal  part  of  the  projection  surface  Is 
shown  at  point  P\  Corresponding  to  point  P on  the  earth.  From  the  figure,  for  the  orthog- 
onal  mapping  surface, 


cos  A 


**  1 


sin  A - VC  35  J 

Expand 

sin  (A  - a)  » sin  A cos  a 
- cos  A sin  a 

Substitute  (7.2.7)  and  (7.2.8)  into  (7.2.9). 

<ta(A- «)  • 35  3$ 


<VC!  - VE«>  g $ 


Substitute  (7.1.3)  end  (7.1.4)  into  (7.2.10). 


sin  (A  - a)  - (mp  " ) gf  35  Veg 


In  a similar  expansion, 


sin  (A  + a)  ■ (mp  + rnm ) 

Re-arrange  (7,2.1 1)  and  (7.2.12),  and  equate 

_ m„~mm 
mp  * »‘m 


(7.2.8) 


(7.2.9) 


(7.2.10) 


(7.2.11) 


(7.2.12) 


sin  (A  - a) 


sin  (A  + a) 


(7.2.13) 


Equation  (7.2.1 3)  is  another  transcendental  beast.  For  a constant  mp  and  mm  it  can 
be  solved  by  the  Newton-Raphson  method.  (14]  Write  (7.2. 1 3)  as 


f(a)  * 0 


sin  (A  - a)  - iin(A  + a) 

mp  ▼ mm 


The  derivative  of  (7.2.14)  is 


(7.2.14) 


K ■ cm(A-oc)  - <»<*-«> 


mp  +mm 

The  Newton-Raphson  scheme  for  the  solution  of  (7.2.13)  is  then 

f 

A»+i  ■ A„  - -gjf- 

ax 

Substitute  (7.2.14)  and  (7.2.15)  into  (7.2.16). 

An+l  “ An 


(7.2.15) 


(7.2,16) 


sin  (A„  - a)  - (S-4.5")  »in  (An  + a) 

- (7.2.17) 

♦«> 

As  an  initialization,  let  Ao  ■ «.  This  iteration  is  rapidly  convergent,  and  easily  computerized. 

This  technique  will  be  applied  to  the  equal  area,  and  the  conventional  projections.  As 
will  be  seen  in  Section  7.6,  (7.2.13)  has  a unique  solution  for  conformal  projections. 


7.3  Distortion  in  Area  ( 10] , |20] 
The  area  on  the  map  is,  from  (2.3.13) 


Am  - y/EC  - F* 

(7.3.1) 

and  the  area  on  the  model  of  the  earth  is 

A*  • y/tg-  fl 

(7.3.2) 

The  distortion  of  area  is  hereby  defined  to  be 
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Da  “ Am /A# 

. /EG  - F2 

V eg-  f1 

Since  the  systems  are  orthogonal,  F ■ f * 0 can  be  substituted  into  (7.3.3). 


Substitute  (7.1,3)  and  (7,1.4)  Into  (7,3.4). 

Da  ■ mp  mm  (7.3.5) 

Now  we  are  In  a position  to  consider  these  distortions  in  terms  of  selected  projections, 
In  what  foiiows,  the  distortions  wilt  be  derived  for  polar  and  regular  cases.  They  apply 
equally  for  the  oblique,  transverse,  and  equatorial  cases.  The  only  difference  Is  that  a is 
substituted  for  X,  and  h is  substituted  for  4, 

7,4  Distortion  in  Equal  Area  Projections  [20] 

Equal  area  projections,  by  their  definition,  have  no  distortion  in  area  in  the  mapping 
transformation.  Thus,  from  (7.3.5) 

Da  - mp  rnm 


It  is  seen  from  (7.4.1)  that  mp  and  mm  are  the  reciprocals  of  each  other.  We  will  now  con* 
aider  the  more  important  equal  area  projections  of  Chapter  4,  the  Albers  conical,  the 
Lambert  polar  azimuthal,  and  the  cylindrical.  The  distortions  in  length  and  angle,  at  an 
arbitrary  point,  will  be  derived.  In  the  case  of  distortions  in  length,  only  one  of  the  dis- 
tortion factors  needs  to  be  derived,  Equation  (7,4,1)  is  then  used  to  find  the  seond  one. 
Thus,  in  all  cases,  the  easier  of  the  two  will  be  chosen  for  the  derivation,  and  the  second 
will  be  its  reciprocal.  Ail  cases  will  be  derived  by  considering  the  authalic  sphere  of  Section 
4.1. 

Consider  first  the  conical  projection  with  one  standard  parallel,  the  first  of  the  Albers 
projections.  From  (7,1.3),  (4.2.1),  (4,2,2),  and  (4.2,5) 


/ <-'TP2 

RJ  cos*  p 
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• J'p 

Rcos0 


(7,4.2) 


Substitute  (4,2. IS)  and  (4.2.19)  into  (7.4.2). 


sin jjj^j  \/l  + sin2  0o  “ 2 sin  0 sin0o 


From  (7.4.1) 


^1  + tin2  0q  - 2 sin  0 sin  0p 
cos  0 


M + sin1  0o  - 2 sin  0 cos  < 


(7.4,3) 


(7.4.4) 


It  is  obvious  from  (7,4.3)  and  (7.4.4)  that  an  expansion  in  scale  in  one  direction  is  offset  by 
a contraction  in  the  direction  orthogonal  to  it, 

Consider  next  the  case  of  the  two  standard  parallel  Albers  projection.  From  (4.2.6), 
(4.2.32)  and  (7.4.2) 


+ sin0i)  /,  . 4RJ  (tsin 02  - sin <6)  

— /'i + " Am,  <7A5) 


From  (4.2.33) 


(sin  0|  sin  02 ) /4R2  cos2  0 + 4R2  (sin  02  - sin  0) 
mm  " 2ft  cos  0 y sin  0|  + sin  0a 


(sin  0t  + sin  02 ) (sin  02  - sin  0) 


Then,  from  (7.4.1) 


cos2  0 


f COB2  0 

cos2  0 + (sin  0i  + sin  02 ) (sin  02  - sin  0) 


(7.4.6) 


(7.4.7) 


Next,  we  shall  consider  the  polar  azimuthal,  or  Lambert,  projection.  In  this  case, 
sin  0o  ■ 1 , is  substituted  Into  (7.4.2) 


1m  " ft  cos  0 


(7.4.8) 
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Substitute  (4,3.2)  into  (7,4.8) 


m. 


m 


- rn/2<1  - sin 4) 

R COS  0 

_ v/2(l  - sin 0) 
cos^ 


From  (7.4,1) 


CM*, 

>^^-sirM>) 


(7.4.9) 


(7.4.10) 


The  cylindrical  equal  area  projection  was  treated  in  Section  4.5.  From  (7.1,3), 
(4.5,2),  and  an  application  of  the  fundamental  transformation  matrix 


From  (7.4.1) 


n»m 


A 


RJ 


R3C0S2  $ 


t 

COS  0 


m„  ■ cos  0 


(7.4.11) 

(7.4.12) 


Note  that  the  four  sets  of  distortion  factors,  (7,4,3)  and  (7.4.4).  (7,4.6)  and  (7,4,7), 
(7.4.9)  and  (7,4,10),  and  (7.4.1 1)  and  (7.4.12)  are  ail  independent  of  longitude.  Thus,  In 
these  cases,  distortion  in  length  if  a function  of  latitude  alone. 


In  order  to  find  distortion  in  angles,  substitute  (7.4.1)  into  (7.2.13). 


m, 


I 


sin  (A  - a) 


v nv 


K*nT 


■jH  sin  (A  - a) 


*1 


sin  (A 


-&) 


sin  (A  + a) 


(7.4.13) 


Equation  (7.4. 13)  can  now  be  solved  for  constant  mp  by  the  iteration  method  of  Section 


7.5  Distortion  in  Conformal  Projections  |20| 

From  Chapter  5,  it  is  recalled  that  conformal  projections  arc  characterized  by  the 
fact  that 


m2  .JL.O 

e g 


for  an  orthogonal  system.  Thus,  from  (7.1 ,3)  and  (7, 1 ,4),  at  every  point 


■ mm 


(7,5.1) 


(7,5.2) 


This  relationship  makes  the  work  involved  In  any  derivation  of  linear  distortions  us  er.  ^ 
since  only  one  ratio  of  the  first  fundamental  quantities  needs  to  be  evaluated,  In  this  sec- 
tion. the  polar  stereographies  the  Lambert  conformal  with  one  and  two  standard  parallels, 
and  the  Mercator  projection  will  be  considered,  These  distortions  will  be  based  on  the 
spheroid  ns  the  earth  surface. 

For  the  Lambert  conformal  projection  with  one  standard  parallel,  using  (7,1.4) 


m ■ m„ 


(7.5,3) 


Substitute  (5,3.2)  and  (5.3.3),  and  apply  the  fundamental  transformation  matrix  to 
(7,5.3) 


R2  cos2  0 


R,,  cos  0 


Substitute  (5,3.14)  und  (5.3,21)  into  (7,5,4). 


(7.5.4) 

i 
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For  the  two  standard  parallel  ease,  the  distortion  in  length  Is  obtained  in  a manner 
similar  to  the  one  standard  parallel  ease,  From  (7,5.4) 


P sin  0f) 

111  “ Rp  cos  0 

Liquation  (7,5,6)  is  then  evaluated  with  the  aid  of  { S.^,28),  (5,3.31),  and  (5.3.32). 


(7.5.6) 


For  the  stenographic  polar  projection,  the  linear  distortion  along  the  parametric 
curves  may  be  found  by  considering  the  plane  and  the  spheroid.  From  the  polar  coordinates 
of  the  mapping  plane 


For  the  spheroid,  again 


(i  = Pi 


g = R2  cos2  0 


Substituting  (7,5,7)  and  (7  5.8)  into  (7,5.1 ), 


* TOosT^ 


(7.5,7) 


(7.5,8) 


(7.5,1)) 


Substitute  <5.4,(i)  into  (7.5.9) 


■TiMkr-'N) 

y /'  + e sin  0Y  1 ! 1 \ 

\1  ~ e sin  0/  \l<p  eos0/ 


(7.5,10) 


As  a final  effort  In  this  section,  we  will  consider  the  regular  Mercator  projection, 
Again,  the  spheroid  has  the  first  fundamental  quantity 


g = R*,  cos2  0 


For  the  plot  ling  surface 


(•  ■ a2 


(7.5.11) 


(7.5.12) 


Substitute  (7.5, 1 1 ) and  (7,5.1 2)  Into  (7.5. 1 ) 


Rp  cos  0 


(7,5,13) 


r>sj. 


4* 


t: 

X- 


Consider  the  linear  distortions  given  in  (7.5,5),  (7, 5, ft).  (7,5.10),  and  (7.5,13),  Again, 
All  of  those  equations  depend  only  on  latitude.  In  any  practical  evaluation  of  these  dis- 
tortions, it  Is  sufficient  to  treat  the  earth  as  a sphere,  rut  her  than  us  a spheroid.  This  is  done 
by  letting  e = 0 in  the  equations  for  the  distortions.  These  equations  then  reduce  to  easily 
manageable  forms, 

For  the  distortion  in  angle  at  a point,  substitute  (7,5,2)  into  (7,2,13) 

(in..  - m., ) 

sll1(A-a)  E nnj-'iv  sin(A+ft) 

= 0 
A - a = 0 

A * a (7.5.14) 

Thus,  one  of  the  properties  of  the  conformal  projection  is  that  angles  are  preserved  In  the 
trimsformalion. 


7.6  Distortions  in  Conventional  Projections  1 1 1 , 1 20 1 

Three  of  the  most  Important  conventional  projections  will  be  considered.  These  are 
the  gnomonle,  the  a/.iimiihul  equidistant,  and  the  polyconlc.  In  these  projections, 
in,,  /-  rnm  , and  m,,  l/mm  , Since  there  exists  no  simple  relation  between  the  two  dis- 
tortions in  length  along  the  parametric  curves,  It  Is  necessary  to  solve  for  both,  However, 
basic  definitions  make  this  simple  in  many  cases. 

Consider  first  the  polar  gnomonle  projection.  From  the  geometry  of  the  case  ( Figuic  ft,  1 , 1 ) 

- N tan  5 dX 
'"»>  “ It  sin  5 dX 


_ I 
slii  0 

l or  the  distortion  perpendicular  to  the  meridian 


(7,6,1) 


27l) 


For  the  az.imutlml  equidistant  polar  projection,  the  distance  along  the  meridians  is 
true,  by  definition.  Thus. 


mttl  = I (7,6.31 

The  distance  along  the  parallels  on  the  map,  as  compared  to  those  on  the  sphere  follows  from 
the  geometry  of  a circular  segment, 

-X  (V  0 ) 

mn  * 3r~W 


n 


rr/2  - <p 
cos  0 


(7,6,4) 


The  last  projection  to  he  considered  Is  the  regular  polyconic.  Hy  the  assumptions  in* 
eluded  in  the  derivation  of  the  projection 


in,,  ■ I (7.6.5) 

The  distortion  along  the  meridians  is,  without  proof,  given  by 


mn,  “ t + Ap  cos*  |l|  (7,6,6) 

For  the  gnomonlc  and  azimuthal  equidistant  projections,  the  linear  distortion  is 
independent  of  longitude.  However,  the  distortion  in  the  meridian  plane  for  the  polyconic 
is  a function  of  both  latitude  and  longitude, 

Distortion  in  angles  at  a point  must  be  found  by  the  numerical  technique  of  (7,2,17), 


7,7  Qualitative  Comparisons  |K|,  |22| 

While  a numerical  approach  is  certainly  useful  qualitative  comparisons  of  the  various 
projections  arc  also  useful.  This  section  will  compare  selected  azimuthal,  world,  cylindrical, 
and  conical  projections. 

Figure  7,7,1  compares  five  of  the  azimuthal  polar  projections:  the  equal  area,  the 
equidistant,  the  orthographic,  the  slereogruphle,  and  the  gnomonlc.  Beginning  with  the 
orthographic,  there  is  a steady  gradation  of  parallel  spacing,  ending  witli  the  gnomonlc. 

The  orthographic  projection  suffers  distortion  us  the  equator  is  approached.  The  parallels 
are  unequally  spaced,  and  are  bunched  together  close  to  the  equator.  The  convergence  of 
the  parallels  Is  not  as  severe  for  the  equal  area  projection.  The  equidistant  projection  has 
equally  spaced  parallels.  The  stereographic  and  gnomonlc  projections  have  a divergence  of 
the  concentric  parallels  as  the  equator  Is  approached  1'he  distortion  In  the  gnomonlc  projec 
tlon  Is  more  severe,  and  the  equator  Itself  can  never  be  portrayed, 


am w.‘,i : ■ Ml .:,p ~ V VV 


In  Figure  7.7.2.  one  (|  mill  runt  of  three  equal  areu  workl  maps  of  the  same  scale  is 
plotted.  The  sinusoid ul  projection  results  in  a pointed  figure.  However,  the  Mollweide  is  a 
smooth  curve.  The  parabolic  projection  is  in  between  the  two  in  terms  of  distortion.  Note 
also,  there  is  a variation  in  the  spacing  of  the  parallels. 

In  Figure  7.7.3  Is  a comparison  of  the  Mercator,  the  Plate  Carde,-und  the  cylindrical 
equal  area.  The  Plate  Carte  has  equal  spacing  along  the  meridian,  The  spacing  for  the 
Mercator  Increases  as  higher  latitudes  are  reached.  Tills  is  reversed  In  the  equal  area  cylin- 
drical. Here,  the  spacing  decreases  at  higher  latitudes. 

Three  conical  projections  of  one  standard  parallel  are  compared  In  Figure  7,7,4. 

These  are  the  equal  area,  tile  perspective,  and  the  Lambert  conformal.  In  the  equal  area 
projection,  the  parallels  arc  closer  at  higher  latitudes,  and  farther  at  lower  latitude.  In  the 
Lambert  conformal,  the  spacing  diverges  north  and  south  of  the  standard  parallel,  but  in  a 
gradual  way,  In  the  perspective  projection,  the  divergence  Is  far  more  severe. 


'.T“fias*a  »3 


Figure  7,7,3,  Comparison  of  cylindrical  projection! 
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C hapter  N 
CONCLUSION 


This  report  has  attempted  to  bring  together  in  one  document  a fairly  complete  set  of 
map  projection  equations.  To  this  end,  it  was  necessary  to  define  the  problem,  and  to  intro- 
duce the  terminology  of  mapping.  Then,  the  basic  transformations  of  mapping  were  de- 
rived, The  model  of  the  earth,  with  the  current  values  of  Its  parameters  were  then  needed. 
Next,  the  three  classes  of  map  projections:  equal  area,  conformal,  and  conventional,  were 
considered  one  by  one,  For  each  class,  a number  of  projection  schemes  were  Investigated. 
Finally,  a means  of  numerically  evaluating  distortion  was  given.  This  lias  been  an  Introduc- 
tion to  tile  theory  of  map  projections, 

However,  of  far  more  utility  to  the  users  of  maps  Is  the  practice  of  map  projections, 
Thus,  in  almost  all  cases,  the  final  result  is  expressed  in  planar  cartesian  mapping  coordi- 
nates, The  formulas  for  the  most  useful  of  these  projections  were  embedded  In  a computer 
program,  and  a variety  of  plotting  tables  were  generated. 

The  level  of  mathematics  chosen  for  the  derivations  was  consistent  with  the  strict 
Intention  of  obtaining  usable  cartesian  plotting  equations.  Previous  publications  have  suf- 
fered from  one  or  the  other  of  two  opposite  extremes,  Many  present  the  projection  with 
little  or  no  derivation,  and  Intend  to  follow  mainly  a graphical  approach.  In  these,  the 
spheroid  Is  not  considered.  The  opposite  approach  Is  one  of  mathematical  elegance,  The 
same  derivation  Is  followed  In  a number  of  ways  that  seem  to  thrive  on  complexity.  In 
tills  report,  the  concepts  of  differential  geometry  were  Imposed  as  the  unifying  principles, 
in  most  eus  . s,  the  derivations  were  relatively  clean  and  straight-forward.  In  some  other 
cases,  such  gs  the  Parabolic  projection,  it  was  necessary  to  use  a unique  method.  Still,  the 
derivations  remained  utilitarian, 


The  plotting  tables  serve  In  a number  of  ways.  Plrsl,  they  were  used  to  provide  t lie 
data  points  for  the  graticules  which  appear  as  figures  In  Chapters  4,  5.  and  o.  Second,  those 
plotting  tables  which  are  general,  and  depend  on  no  standard  parallel,  can  be  used  to  produce 
a usable  grid  for  any  application.  The  user  can  choose  Ills  central  meridian,  and  plot  from 
there.  Since  scale  depends  on  a multiplicative  factor,  a user  can  apply  an  engineer's  scale  to 
enlarge  or  contract  the  grid  to  Ills  own  specifications,  Finally,  the  plotting  tables,  both 
those  general  and  particular,  can  serve  a user  us  a check  If  he  prepares  a mapping  computer 
program. 


The  computer  program  Itself,  which  generated  the  plotting  tables,  is  modularized, 

First  of  all,  It  can  be  used  as  a stand  alone  program  to  produce  data  points,  However,  any 
user  can  discard  the  calling  program  MAI',  and  adapt,  with  Ills  own  linkages,  the  subroutines 
POINT,  GRID,  AUTIIAL,  CONFRM,  and  the  projection  routines,  Or,  he  can  go  one  step 
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further.  and  use  any  or  all  of  the  projection  subroutines  by  themselves  In  his  own  program. 
Thus,  the  program  can  be  useful,  in  the  future,  to  those  who  map  by  hand,  use  a digital/ 
analog  plotter,  or  use  a CRT  for  computer  graphics. 

The  chapter  on  distortion  gives  a numerical  means  of  estimating  the  amount  of  dis- 
tortion in  a particular  area  of  a mup.  Again,  the  methods  of  differential  geometry  guve  a 
unified  approach  to  this  in  most  cases.  In  the  remaining  cases,  it  was  necessary  to  use  a 
brute  force  approach  to  compare  the  length  on  the  map  to  the  length  on  a sphere  or 
spheroid. 

Associated  with  the  theory  and  practice  of  map  projections  is  the  philosophy  of  using 
map  projections  correctly.  T he  rule,  of  course,  is  to  choose  a system  that  minimizes  dis- 
tortion to  an  acceptable  level  in  the  region  of  Interest. 

The  precept  for  choosing  the  correct  map  for  the  required  job  is  helped  by  the  ap- 
parent natural  adaptability  of  types  of  projections  to  certain  areas  of  the  earth.  By  consult- 
ing the  projection  tables  and  the  figures,  It  Is  seen,  tluit  the  azimuthal  polar  projections  can 
easily,  and  with  minimum  distortion,  handle  areas  immediately  adjacent  to  the  earth's 
poles  Likewise,  the  cylindrical  projections  are  natural  for  the  regions  above  and  below  the 
equator.  The  areas  at  mid-latitudes  are  conveniently  spanned  by  conical  projections  of  one 
or  two  standard  parallels.  Recall  that  in  these  projections,  distortion  is  not  a function  of 
longitude.  Tims,  for  a conformal  representation  of  the  world,  a natural  set  is  the  Mercator 
between  *J0"  latitude,  a Lambert  conformal  from  ±30°  to  ±(>0°,  and  the  polur  slereographic 
from  ±(>0°  to  ±1>0U.  l;or  an  equal  urea  approach,  the  same  regions  can  be  covered  by  un  equal 
area  cylindrical,  an  Albers,  and  the  Lambert  uziimitluil,  respectively. 

If  there  is  a desire  to  Include  an  entire  sphere  or  a hemisphere  on  a mup,  the  polyconlc, 
or  the  world  statistical  maps  arc  the  best  approach.  However,  one  must  learn  to  live  with 
the  excessive  distortion,  or  use  interrupted  variations.  Note  that  only  equal  area  and  con- 
ventional projections  can  be  used  for  u map  of  the  entire  earth.  Extreme  distortions  at  the 
perlpitery  of  conformal  projections  will  not  permit  this, 

Specific  applications  have  called  for  the  utilization  of  specific  projections.  Air  and 
sea  navigation  have  required  the  Mercator  with  the  loxodromc,  and  the  gnomonie,  with  the 
great  circle  over  extended  distances.  Intermediate  distances,  such  as  a number  of  states  or 
loss,  has  fallen  in  the  province  of  the  polyconlc  and  the  Lambert  conformal,  In  both  of 
these  projections,  excessive  distortion  is  not  evident.  Surveying  systems  have  made  use  of 
the  Transverse  Mercator  and  Lambert  conformal  on  large  scale  maps.  Here,  the  curvature 
of  the  meridians  and  parallels  are  not  noticeable.  If  one  needs  true  distance  and  azimuths 
from  a fixed  point  to  anywhere  in  the  world,  the  oblique  azimuthal  equidistant  can  ac- 
comodate. I ''or  large  scale  maps,  and  relatively  short  distances,  any  of  the  conformal  maps, 
and  also  Bonne,  can  be  used  for  relatively  good  approximations  of  distance  and  azimuth, 

h'rom  the  plotting  tables,  and  the  figures,  it  is  apparent  that  ut  large  scale,  that  is.  over 
small  areas,  and  in  regions  of  minimal  distortion,  all  of  the  projections  approach  the  squares 
and  rectangles  of  the  Plate  Carree  or  the  Carte  Purallelogrammutlque,  except  where  meridian 
convergence  is  excessive.  This  is  the  reason  that  the  grid  system  is  useful  on  large  scale  maps. 
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Besides  the  use  of  natural  and  specialized  projections,  a number  of  variations  are 
avuilublc  by  rotating  the  azimuthal  plane,  or  the  equatorial  cylinder  to  cover  areas  of  specific 
interest.  Again,  the  plotting  tubles,  and  the  subsequent  figures  indicate  there  are  limited 
ureas  In  each  of  these  where  distortion  is  minimized. 

Thus,  map  projections  provide  a variety  of  methods  of  transforming  From  an  undulating 
earth  to  a flat  piece  of  paper,  and  obtaining,  in  the  end,  a fairly  reliuble  representation. 


i 


T 


p 


3, 

4, 

5, 

6, 

7. 

8. 

9, 

10, 

11. 

12. 

13. 

14. 

15. 

I f». 

17. 

18. 

10. 
20. 

21. 

22. 

23. 

24. 

25. 


' , 


BIBLIOGRAPHY 


Ailums,  O.  S.,  General  Theory  of  Toly  conic  Projections , Spcciul  Publication  57,  U.  S. 
Coast  and  Geodetic  Survey.  1934 

Attains.  0,  S.,  (tenoral  Theory  of  Equivalent  Projections , Spcciul  Publication  236,  U,  S. 

Coast  and  Geodetic  Survey,  1945 

Adler.  C.  F.,  Modern  (Iconic try,  McGraw-Hill,  1958 

Bilker,  R,  M.  L,,  and  Makemson,  M.  W,,/l«  Introduction  to  Astrodynanilcs , Aeudemlc 
Press.  1960 

Bom  lord,  G,,  Gettdesy,  Oxford,  1962 

Churchill,  R.  V.,  Brown,  J.  W.,  Verhey,  R.  F.,  Complex  Variables  and  Applications , 
McGraw-Hill,  I960 

Davies,  R,  K„  Foote,  F,  S.,  Kelly,  J,  F.,  Surveying:  Theory  and  Practice,  McGraw-Hill. 
1966 

Dootz,  C,  II.,  and  Adams,  O.  Settlements  of  Map  Projection,  Special  Publication  68, 

U.  S,  Coast  and  Geodetic  Survey,  1944 

Deetz,  C,  H.,  Cartography,  a Review  and  Guide,  Special  Publication  205,  U.  S,  Coast 
and  Geodetic  Survey,  1962 

Goetz.,  A,,  Introduction  to  Differential  Geometry,  Addison-Wesley,  1970 
Grant,  II.  H,,  Practical  Descriptive  Geometry,  McGruy-liill,  1965 
I lershey , A.  V.,  The  Plotting  of  Maps  on  a CRT  Printer,  NWL  Report  No,  1 844.  June 
1963.  tJ,  S.  Naval  Weapons  Laboratory' 

llershey,  A.  V.,  FORTRAN  IV  Programming  for  Cartography  and  Typography , NWL 

Technical  Report  TR-2339,  September  1969,  U,  S.  Naval  Weapons  Laboratory 

Hildebrand,  F.  H Introduction  to  Numerical  Analysis,  McGraw-Hill,  1956 

McBryde,  F,  W.,  and  Thomas,  P,  I).,  Equal  Area  Projections  for  World  Statistical  Maps, 

Special  Publication  245,  U.  S.  Coast  and  Geodetic  Survey,  1949 

Middleinlss,  R.  R.,  Marks,  J.  l„,  Smart,  J.  R..  Analytic  Geometry,  McGraw-Hill,  1945 

Minor,  1).  C’.,  and  Denney,  F'.  College  Geometry,  Prentice-Hall,  1972 

MolTitt,  F,  11,,  and  Bouchard,  II. , Surveying,  Intcxt,  1975 

Murdock,  1),  C.,  Linear  Algebra,  Wiley,  1970 

Rlchurdus,  P,,  and  Adler,  R.  K ,,  Map  Projections  for  Geodesists,  Cartographers,  and 
Geographers,  North  Holland,  1972 

Soppclin,  T.  ().,  “The  Department  of  Defense  World  Geodetic  System,  1972,”  The 
Canadian  Surveyor,  28(5),  496-506,  Dec,  1974 

Steers,  J,  A,.  An  Introduction  to  the  Study  of  Map  Projections , University  of  London, 
1962 


Appendix  A. I 

PROGRAM  MAP 


Program  MAP  is  a means  of  generating  cartesian  mapping  coordinates  from  the  geodetic 
latitude  and  longitude  of  the  spherojcL 

Two  busic  options  are  available:  selected  points  or  a complete  grid,  If  the  point  option 
is  selected,  a series  of  cards  will  be  read,  und  then  the  desired  transformation  will  be  made. 
This  is  done  by  subroutine  POINT,  If  a grid  Is  required,  this  grid,  at  regular  intervals,  is 
generated.  This  is  accomplished  by  subroutine  GRID,  Thus,  POINT  and  GRID  are  the  con- 
trol subroutines  of  the  program, 

Twenty  of  the  most  useful  of  the  map  projections  have  been  included  in  this  program. 
To  facilitate  their  use,  two  auxiliary  subroutines  are  needed,  These  are  AUTHAL,  and 
CONFRM,  AUTIIAL  converts  from  geodetic  to  authalic  latitude  for  equal  area  projections. 
CONFRM  transforms  front  the  spheroid  to  produce  conformal  latitude  and  longitude  on 
the  conformal  sphere. 

The  following  plotting  subroutines  are  included  In  this  program.  A reference  Is  given 
to  the  section  in  which  each  set  of  plotting  equations  is  derived. 


Subroutine 

Projection 

Section 

HQARAZ 

Equal  area  azimuthal 

4.3 

FARCIN  1 

Equal  urea  conical,  one  standard  parallel 

4.2 

EARCN2 

Equal  area  conical,  two  standard  parallels 

4.2 

HOARC’L 

Equal  arcu  cylindrical 

4.5 

BONNE 

Bonne 

4,4 

PARAB 

Parabolic 

4,8 

SINUS 

Slnusoidul 

4, ft 

MOLLW 

Mollwelde 

4.7 

HAMMER 

Hammer-  Aitoff 

4.9 

MERC 

Mercator 

5,2 

STEREO 

Stereographic 

5,4 

LAMBR1 

Lambert  conformal,  one  standard  parallel 

5.3 

LAMBR2 

Lambert  conformal,  two  standard  parallels 

5.3 

GNOM 

Gnomonle 

ft.! 

AZEQUD 

Azimuthal  equidistant 

ft. 2 

ORTHO 

Orthographic 

6.3 

SIMON  1 

Simple  conical,  one  standurd  parallel 

ft. 4 
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Subroutine1 


Projection 


Section 


SIMCN2 

Simple  conical,  two  standard  parallels 

ft. 4 

SIMCL 

Simple  cylindrical.  Miller 

ft,  ft 

POLY 

Polyconlc 

ft.  5 

Figure  A.  1.1  shows  the  flow  churt  for  the  program,  and  the  loglcul  decision  points. 
The  Input  requirements  and  options,  and  the  output  are  outlined  in  the  paragraphs  that 
follow. 

The  Input  Is  accomplished  by  five,  or  more  cards,  The  format  of  these  cards  is  now 
detailed. 


First  card  (Format  8 A 1 0) 
TKI"  1 .8)  Title  of  the  case 


Second  card  (Formal  21* 1 0.4 ) 

A Semi-major  axis  of  the  spheroid  (meters) 

F.  Feeentrldty  of  the  spheroid 


Third  card  ( Format 
Nt' ASF-0 
= 1 

NI‘ROJ-1 

a 2 

■3 
=4 
a 5 
■ft 
»7 
“8 
at) 

■10 


= 12 
= 13 

a |4 

■15 
“lft 
“17 
«18 
■ ID 

NPKOJ-20 

NI‘NT-0 

a | 

NCON-O 
= 1 

NAUTM-0 
= 1 


515) 

Cases  to  follow 
Last  case 

Fctual  area  azimuthal 

Fiikial  area  conical,  one  standard  parallel 

Fquul  area  conical,  two  standard  parallels 

Fqual  area  cylindrical 

Donne 

Parabolic 

Sinusoidal 

Mollweidc 

Hammer-  AitolT 

Mercator 

Stereographic 

Lambert  conformal,  one  standard  parallel 
Lambert  conformal,  two  standard  parallels 
Gnomonie 

Azimuthal  equidistant 
Orthographic 

Simple  conical,  one  standard  parallel 

Simple  conical,  two  standard  parallels 

Simple  conical,  Miller 

Polyconic 

Generate  points 

Generate  grid 

Do  not  use  the  conformal  sphere 

Convert  from  the  spheroid  to  the  conformal  sphere 

Do  not  use  the  authalle  sphere 

Convert  from  the  spheroid  to  the  authalle  sphere 


291 


Fourth  card  (Format  4F9.4.E14.8) 

PHIO  Latitude  of  the  origin,  the  pole  of  the  auxiliary  system,  or  the  parallel 

of  tangency  (degrees) 

LAMO  Longitude  of  the  origin,  or  the  pole  of  the  auxiliary  system  (degrees) 

PI  Lower  standard  parallel  (degrees) 

P2  Higher  standard  parallel  (degrees) 

SC  Scale  factor 

Fifth  (and  following)  cards  for  POINT 
PHI  Latitude  of  point  (degrees) 

LAM  Longitude  of  point  (degrees) 

NCARD-0  Points  to  follow 

■1  Lust  point 

Fifth  card  for  GRID 

PHI  First  latitude  for  grid  (degrees) 

LAM  First  longitude  for  grid  (degrees) 

DPHI  Increment  of  latitude  (degrees) 

DLAM  Increment  of  longitude  of  grid  (degrees) 

NPH1  Number  of  lutltude  points 

NLAM  Number  of  longitude  points 

The  output  of  the  program  is  the  sume  for  both  POINT  und  GRID. 

PHI  Latitude  of  point  (degrees) 

LAM  Longitude  of  point  (degrees) 

X x-plotting  coordinate  (meters) 

Y y-plotting  coordinate  (meters) 

The  printout  of  the  calling  program,  the  control  subroutines,  the  auxiliary  routines, 
und  the  mapping  routines  are  attached,  The  output  of  this  program  Is  the  plotting  tubles  of 
Chapters  4,  5,  and  ft, 
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MAP  COG  6(00  FT  K V3.0-P36Q  CPT-1  11 

PROORmM  MAP<INPUT»QUTPUT»TAPE6*INPUT|T A PE 6 "OUTPUT ) 
Pt'AL  u AMK  i L AMOR»  L AMO 

COMMCN/CNST/4  »E»S»PHlOR*LAMOR»F»RC»PI»PHl|PH2|RTD 
COMMON/ I NOUT/PHlRf LAMP »X, Y 
6 FI*3.U159 

RTU*67.2<35 

1 PEAG<5»2>  TliT2iT3,T%,T5fT6,T7*T6 
£ FORMAT (6  A 10  > 

WRITE  (o f <5 » 

10  3 F Ol\M  AT  ( 1H 1 1 

H^iTE  Tl»T2tT3iT"*»T5»TbtT7»Td 

- FORMAT  (5  Xf<JA10) 

W" lit <t, 10OI 

102  FORMAT <t X,6HL ATI TUOI ♦ 5X, 9ML0NG ITUOE. 16 X*1H>, 16 X.iHY) 
16  kEhO(9«7)  m,E 

7 FORMttT<2FlO.U 
M A 
F C ■ A 
PH  1*0 « 

20  P H 2*0 • 

LAMC*0. 

PHIO* J« 

R£  AO  <9  9 10  1 1 PHl0»l.AM0iPltP2«S 
101  FORMAT(AF9.A»E1h.6> 

26  PHIOR*PHIO/RTO 

LAM0R-LANC/RTQ 
PM 1*P 1/RTQ 
PH2*P2/RT0 

kt  Au  13  *6 ) N CASE i NPROJ iNPNT »NC0N iNAUTH 
30  » FORMAT (6151 

IF(NPKT.tO.l)  CALL  GRXOiNCONtN AUTHtNPRQ J) 

IF  INPNT.EU.l  ) GO  TO  6 
CALL  POI NT ( NGON» NAUTH i NPROU) 

6 IF (NCASE*  Eu«  l ) GO  TO  1 

39  STOP 

lNC 
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COuLCCT 


10 


20 


2 b 


JO 


Jb 


-0 


•»* 


so 


6* 


POINT  C.JC  6 tO  0 FT  N V3,0-PJ60  QPT=i  tl 

iU  iKUUTi  N£  POINT  <NCGrl»UAUTH»NPROJ) 

REAL  LAM»  LA  MR,  LAMO»L AMOK ,L  AMT  , LAHOT 
COMMCN/CNiT/A,  £,S,HHICR,LAMORt R,RC,PI,  PHI  ,PH2,RTD 
COMMCN/INOUT/PHIR,i.AMS,XtV 
1UJ  K£AO(3,tO<.l  P HI , LAM , NCARQ 
LOt  FQkMAT (2FR.h, I5> 

LAMR*LAM/RTD 

FHlf<«PHi/RTO 

IF(N*JrH.Eu«l>  CALL  AUTHAL  iPrtl  R,HHIT> 

IF (NCCN.EQ.il  CALL  CONFRN (PHIR , PHIT ♦ L AMR, L AMT ,L AMOT ) 
IF (NAUTH itU.l.OR.NCON.tU. 1)  PHIR«PHIT 
iF(NCiJN.tU.l)  LAMR»LAMT 
IF  (NOON*  £0*1)  LAMOR«L  AMOT 

v* 0 TO  *,9*6,7  *1,9, 10*  11  »12*13'W»l!»  16*17,16# 

1 CALL  EUAFA2  15,20)  5PRGJ 

GO  TO  16! 

2 LALL  CmKCNI 

cQ  To  to  $ 
i call  earcml 

GO  TO  105 
4 CALL  EOARCL 

GO  TO  IQS  ^-'-S 

i CALL  RCNN £ Y 

GO  TO  10b  ' ■-  ' 

o CALL  PARA0 
GO  TO  10 5 
TCAlLSIMJS 
GO  TO  10 G 

3 CALL  MCLLW 

GO  TO  103 
9 CALL  HAMMEH 
GO  TO  105 

10  wAlL  MERC 
GO  TO  105 

It  CALL  STEREO 
GO  TO  10‘J 
12  CALL  LAMGRt 

GO  TO  tU5  * 

tJ  CALL  LAM6R2 
GO  TO  10! 

It  CALL  GNUM 
GO  TO  10  b 

11  CAlL  A2EUCO 
GO  TO  105 

to  CALL  ORTHO 
GO  TO  105 
if  CALL  SIMCN1 
GO  TO  105 
16  CALL  SIMCN2 
GO  TO  105 
U CAll  ilHCL 
GO  TO  105 
20  CALL  POL  V 

105  WRITE  (c , iOfc ) PHIfLAHfKiY 

106  FORMAT <2 <tfX,F9«4)  » c£  L 7 X • F 1 2 . 3 1 ) 


-WSliap. 
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SUBROUTINE  FOINT  COC  6(00  FT*  V3.0-P360  0PT«1  11 

IP (NCARQ#  £0*1)  00  TO  103 
RETURN 

ENO  , 


i i 
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SUdRJUf  I‘l£ 


5 


10 


IS 


20 


25 


30 


35 


*0 


«5 


50 


35 


GRID  CDC  6600  FTN  V3.0-P.J8C  OPT  = l 11. 

aUuROUTINfc  GRIO  ( NOON ,NAUTh , NPROJ) 

REAL  LAM, LA  MR , LA  MG»LAMQR ,L AMT  ,LAMQT»LAMD 
COMMON/CNST/A, E,S,PNlOR,LAMCR,R,RC,PI, FH1,PH2,RTD 
C OMMCN/I NOU  T/ P HIR,LAHR,X»Y 
RE  AO (5 , 10  3)  PHIiLAMiOPHI ,OlAM , NPHI ,NLAM 
103  FORMAT (4  <F10.4),2I5> 

FHIRsPhI/RTO 
OPHlKeCPHI/RTO 
QLAMR*OlAM/RTO 
DO  104  >1,NPHI 
i AMR*LAM/RTO 
DO  107  J * 1 , NLA M 

IF ( NAUTH < EU  < 1)  CALL  AUTHAL(PHIRiPHIT) 

IF(NCON.EQ.l)  CALL  CQNFRM tPHIR , PH1T , LAMR, L AMT , L AM CT  > 
IF (NAUTH. tQ.i.OR. NOON. EQ.l)  PHIR»PHIt 
IFlNCCN.EQ.il  LAM4»LA  NT 
IF(NCCn.EQ.I)  lamor«lamot 

GO  TO <1,2, 3,4, 5, 6, 7, 3, 9, 10, 11, 12,13, 14,15,16,17,16, 

1 CALL  EUARAZ  15, 20) ,NPROJ 

GO  TO  105 

2 CALL  EARCN1 
GO  TO  105 

3 CALL  EARCN2 
GO  TO  105 

4 CALL  EQARCL 
GO  TO  105 

j CALL  tiONNE 
GO  TO  105 
u GAlL  PARA 8 
GO  TO  105 
7 CALL  SINUb 
GO  TO  105 
3 CALL  MCLLM 
GO  TO  105 
9 CALL  HAMMER 
GO  TO  105 

10  CALL  MfcRC 
GO  TO  105 

11  CALL  STEREO 
GO  TO  105 

12  CALL  LAM8R1 
GO  TO  105 

13  CALL  LAM2R2 
GO  TO  105 

14  CALL  GNOM 
GO  TO  105 

15  CALL  AZEQUQ 
GO  TO  105 

16  CALL  ORTHO 
GO  TO  105 

17  CALL  SIMCN1 
GO  TO  105 

13  CALL  SIMCN2 
GO  TO  106 

19  CALL  SINCL 


!H9 J 
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SUOROUTINE  GRID  COC  6600  FTN  V3.0-P3BQ  OPT»t  11 

GO  TO  106 
20  CAki.  POLY 
105  PHIQ«RTO*PHlR 

lamo*rt&*lamr 

oO  WRlTE(fcilOG)  PHIO,LAHO*X» Y 

10  6 FORMAT  (2  <SX»F9.<t)  ,2I7X»F12.3>  ) 

107  LAMR-LAMRtOLAHR 
10**  PH1R-PHIR+OPHIR 
RETORN 

to6  ENU 
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SUBROUTINE  CONFRM 


C13C  & €0 0 FTN  V3.Q-PJ60  CPT«i 


SUBROUTINE  CONFRM (PHIR»PHIT »^AHR»  LAMT « LAMCT) 

REAL  LAMR*UAFOR»LAMT,LA«OT 

COMMCN/CNST/A(E,S»PHIOR»LANOR.F»RC»PIt  FHitPH2.RT0 

fc£*£*e 

S»NPO*SlNtPnIOR> 

&NP02»SNP0*SNP0 

cspo«coa (priori 

0iK02«CSP0*CSPfl 

CSP0*«CisP02#CSP02 

RP0«A/sQRT(l.-E2*SNP02> 

R,M0*A*(1.“£2)  / (l*E2*SNPQ2>**i»  5 
L*SUKT  (1«+E2*CSP04/  U.-E2U 
lamt»c*umr 
lAMCT=u*LAMCR 

SiNP*SIN(PHiR>  , „ , 

FAQi* ( (1* -E*SNP>/ li«*E*SNP) )** ( E/2.1 
FA02-AL0G  (PI/4.*PHIR/2.» 

TNPT" (FAC1*FAC2>  **C 
PT«ATAN(TNPT) 

PHI T *2 PT“PI / 2. 

RETURN 

ENO 
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AUTHAL  CDC  6600  FTN  V3.0-P300  0PT»1 

SUBROUTINE  AUTtiAL(PHIR»PHITI 
REAL  LAHOR 

GOMMCN/CNST/A  * E»S  »PHIQR » LAMOR*  R »RC»  PI » FH1 »PH2»  RTD 

£2*E*E 

t4«E2*E2 

E6«E2*EA 

SNP-SIN(PHIR) 

SNP2*SNP*SNP‘ 

SNPMSNP2*SNP2 

SNP6«SNP2*SNP4 

FAC  1*  1*4  ( 666667*E2*SNP2+«6*E4*SNPA+«S7lR20*E6*SNF6 
FAC2*1 »+ . 6£6667*E2+»6*E4+«571426*E6 
SNPT«$NP*FAC1/FAC2 
PHIT*ASIHISNPT) 

R«A*SQRT  ( <i'-E2>*  <1 •+ ■ 666667+E2*  «6*E4+  •571426  *EO) 

RETURN 

ENG 


TB^flagreanMWMCTtTOBfiffi 
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SU3R0UTINE  EO^RaZ 


COG  6(00  FTN  V3.0-P360  OPT«i 


10 


16 


20 


SUBROUTINE  EGARAZ 

foiihctJSSsTM^.S.PHlOS.UHOS.R.W.PI.fHl.PHl.RTO 
GONrtCN/INOUT/PHlR»  LAMR»Xf Y 
IF tPHXOR.LE.l. 562071  GOTO  1 
FAC«SQRT<2.»(i.-SIN<PHIRn) 
x*«*S*FAC*C0S (UAHR-UAMOR) 

Y»R*S*FAC#B1N<  LAMR-LAMOR) 

return 

SNF»SIN(PH1R) 

CSP«CQS (PHIRI 
SNPO-3IN(PHIOR» 

C3PO*COS (PNIOR) 

BNL*SIN(UAHR-UANOR» 

^n;S^ttrSi!uiNO.RH.R.U. . »»>  RLR.RI/R. 

1I{S!?8»^!«Uo8!!/  SP- snroIcsih 

, rmo"sORT  t2*Ml  •"SNP*SNPO-CSP*OSPO*CSL>  I 
X«R*S*RHO*SlN(ALFl 
Y*k*S*KHO*COS(ALF» 

RETURN 

ENQ 
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SUBROUTINE  EARCNi  COC  6600  FT fc  V3,0-P360  OPW 

\ 

SUBROUTINE  EARCN1 
REAL  LmMRjL AMOR 

COMMON/CNST/A.E.SiPHIORiLANCR»R»RC»PI»PMl»FM2,RTD 
COMMON/I NOUT/PHIRilAMR.X. Y 
5 $NPO«SIN (PRIOR) 

RHQ«R*SQRTU.*$NP0*SNf:0-2.*SNP0*SINIPHIR)  >/SNPC 
M*S*RHO*SIN<UAMR-lAMQR)*SNPO) 
Y»SMR/TAN(PHIOR)"RHO*COS  < (LANR-LAMOR)  *SNPO) ) 
RETURN 

10  END 


SU3R0UTINE 


5 


10 


15 


EARCN2  GDC  6100  FTN  V3.0-P350  OPT«l 

subroutine  earcne 

REAL  lAMR»IAHOR 

COMMON /CNST /A»  E*S  *PHICR»  LAMOR*  R «RCtPX t PHI »PH2 • RTD 

COMMON/I NOUT/P HIR, LAMP* X|Y 

SN1*SIN(PH1) 

SN2«SIN<PH2I 

CSl«COS(PHl> 

CS2*C0S<PH2> 

RH01«2«*R*LS1/  (SN1P5N2) 

RH02«  2 • *R*CS2/ (SN1  + SN2) 

FAC1«.5MRH01*RH02> 

FAC2*L**R*R*(SN1-SXN(PHIR) > / t SN1+SN2) 

FAC3««S>*<  LA MR- LAM 0R>  * (SN1+SN2 ) 

FACM-iORT  (P,H01*RH01+F  AC 2) 

X«S*F AC4*SIN1FAC3) 

Y«S*<FAC1-FAC<»*C0S<FAC3I) 

RETURN 

ENO 


30* 


SUBROUTINE 


5 


EQARCL  COG  6600  FTN  V3.0-P360  OPT-1  1 

SUBROUTINE  EQARCL 
REAL  LAliRt LAHOR 

COHMCN/CNST/A  »E|S»PHIORtLAMOR»R»RC|PI»  PH1»PH2»RTD 

CONMON/lNOUT/PHIR,LANR,X,Y 

X«R*S* (LAMR-LAMOR) 

V«R#S*SIN (PHIRI 

RETURN 

END 


A L 
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iiUtJROUTINE 


bONNE  COC  6(00  FTM  V3.Q-P360  QPT-1 

SUBROUTINE  BONNE 
PEAL  LAMR«LAHOR 

CONMON/CNST/A,E»S*PHIOR»LAMOR»ft»RC#PI»PHl#PM8tRTO 
CONHON/INOUT/PHIR*  LAMR*X»Y 
RHOO*«*COS(PHIO«1/SIN<PHIQRJ 
RHO*RHCO-RMPHIR-PHIOR) 

X*kHG*S*SIh I <L ANR-uANCRl *CQS(PHlR)*R/RhO) 
Y«S*(RHOO-RHI)*CQSIIIAMR-LANOIO  *COS ( PH IR ) *R/RHO ) ) 

KETURN 
END  ' 
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SUBROUTINE  PARAB 


COC  6600  FTN  V3.0-P380  0PT«1 


SUBROUTINE  PARA 3 
REAL  LAHR.LAHOR 

CONMCN/CNSTy A» l,S, PHIOR, LAMORt R tRCtPI t PHI *PH2«RT0 
COMMON/INOUT/PHIR »LANR »X i Y 
6 Y*  R*S*SIN(PHIR/S.>*PI 

X*  (LAHR-LANOR)»S»(2.»COS(.666667*PHZR)-1« l*R 

RETURN 

END 


I 
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SUBROUTINE  SINUS  COC  6100  FTM  VJ#0-P3$Q  CPT«l 

SUBROUTINE  SINUS 
REAL  LAMR»LAHOR 

CONNON/CNST/A,E,S,PHIOR,LAMOR,R.RCfPIfPHl,PH2,RTO 
CCMMQN/I NOUT/PHIR»LAMR»  Xi V 
5 X«**SMLAMR-UHOR)*COS<PHIR> 

t«R*  5*PHIR 

RETURN 

£NU 


B: 

f. 


i 

■.us 

Vjj 


I •■‘4 

5 -A 


SUBROUTINE  MOlLW 


COO  6600  FTN  V3.0-PJtt0  OPT«i 


subroutine  moilm 
REhL  LAHRi LAMOR 

COMMCN/CNST/A  * EtS *PHXOR«LAMOR«R »RC |PX«PH1«PH2*RT0 
COMMON/ I NQUT/PHIR»LAMR,X,Y 

b tht*phir 

SNr-SlN(PHiR) 

DO  1 1*1 » 30 

OTHT" <PI*SNP“2  «*THT "SIN  t2**THT ) )/2« / ( 1*  +COS (f • #THT) ) 
1 THT«THT*OTHT 

10  y*«*5*SIN<THT)*PI/2. 

X>  (LAMR-WMOR)  *R*S*COS(THT ) 

IF(ABS(PHXR)«GE. 1*9620?)  X*0. 

RETURN 

ENO 


SUdfrOUTlNi 


HMMlR  CDC  6600  FTN  V3.0-P360  CPT«l 

U JuKJUTlNE  HAMMER 
kcftk  lAMK»UH0R 

CGMMCN/CNST/Ai£fS,PHlOR,LAMOR,R*RC»PI»PMi>PH2,RTD 
C OCiMCN/I  NOUT/PHIR » IAMR»X»Y 
If (AUS(TANIPHIR) ) .LE. .0001)  AlF-PI/2. 

IF  (ABStfAMPHXRI  ) .It.  .0001)  60  TO  X 
muF» AT  AN2  <6  IN  < (L AMP-L AMORI/2* ) »TAN(PHXR) ) 

1 KHO«SQIVT  C2.Ml.-CCS<P«lXR>*COS  ( (LAMR-UMOR  ) /2. ) ) » 
X»2.*R*6*RhO*SlNULP» 
t«n,*S*RHO*wOS  ( A L F ) 

RETURN 

t Nl'i 


bUUHOUTINE  M£RC 


COC  SfeOO  F T K V3.0-P3SQ  QPT«i  1 


10 


IS 


d 0 


c5 


SUBROUTINE  MERC 

C OMMON/CNST/A »£»S i PHlOR»tAMOR»R  *RC»PI ♦ PHI »PH2»RTQ 
COMMCN/INOUT./PHlR«UAMR»X.jr 

if (PHIOR»U£«1*S6207I  GO  TO  i 
*■**$♦  <UMR-lAHOR> 

SNP* SIN(PH*K>  _ ...  v 

FACl«m*-&*SNP>m»*6*SNP>>*»  U/2.) 
FA(iZ»TAN(Pl/**«+PHlR/2i> 

Y«A*S*AU0G«FACi*PAC2) 
ftr  TURN 

ENP«$lNtPHIR) 

CSP*COS < PHlR) 

CbPO"COS (PHlOR) 

SNPCi*siN(PHiaft) 

SNL*S I NtL AMR" LAHORE 
CSu-CCSUANR-LAMOR) 

JtpsftTAhz'iiNL » (SNPO*CSL"CSPO*SNP/CSP  H 

FAC»il»*iPP*S**PO*GSP*CSPO#CSLI  / <t ••SNP*SNPC*CSP*CSPO*GSU> 

Y*A*S*AlOCIFAC»/2» 

2 5iI*S*ATAM2tSHL.  SNP/CSP>  „P.p*c*LII 

Y-M»/*.*«tOOIU.*CSP*CSU/U.-C8P  CSLH 
RETURN 
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aUdROUT INE 


6 


10 


IS 


LAH8K1  COC  6600  FTK  W3.Q-P360  CPT«1  1 

SUBROUTINE  LA MBRl 

REAL  llmr*lamor 

lCHMCN/CNST/A , E,S,PHICRiLAHOR» R»RC,PI,PH1,PH2,RTD 
COMMON/ I NOUT/PHIR*  LAMP  * X»  ¥ 

SNP*SIN(PHIR) 

SNPO*SIN (PHXOR) 

KPU-A/3QRTli.-E*E*SNPO*SNPO> 

RH'00«RPO*COS(PHIOR)  /SNPO 
THT«(LAMR-LAMOR»*SNPO 
F AC1»T  AN  1PIA  ••PHXR/Z  • ) 

FAC2*TAN IPI/4 ••PHXOR/2* 1 
FAC3»<(l.*fc*$NP*  /<1.-E*SNP>  »**  <E/2.) 

FAC4-  ((l.+E*SNPO)/(l,-E*SNPOI ) *ME/2.> 

RHO-RHOO* (FAC1*FAC3/FAC2/ FAC4) **SNPO 
X»S*(«HC*SlNlTHTn 
y *s* (RhqO“Rhq*cqs  itht  > > 

RETURN 

cNU 


-I 

| 


* iUL H3^iafciaferiteii*at  »■  -y 


rimrorainnrarr  ..;lm,"ja  m 


WTjCT'TO[yftllAf'.|.'."*-ll 

iii". ■■.‘‘.I**  . . 
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SUBROUTINE  lA’1dtv2 


COC  66  00 


FTN  V3.Q-P360  0PT*1 


1 


6 


10 


15 


40 


iUoROUTINE  LAMBR2 
REAL  IAMR>CAMQR 

COnMCN/Ci'tS  F/A  |E|S|PHIOR»LAMOR»R»RC*PI|PH1»PH2»RTO 
COHHCN/INOUT/PHIR|LAMR,X,Y 
$ NPaSI N (P  HIRJ 
SNP1*S1N  (PHI) 

5iNP2*j5IN  (PH2) 

CSP1*C0S (PHI) 

CSPZ*CUS(PH2) 

RPl«4/SQRT(i.-E*E*SNPl*5NPll 
KP2«A/StlRT(  l.-E*E*SNP8*SNP2> 

FACl*TAN(PI/4«“PHl/2»  ) 

FAC2«TAN<PI/4.-PH2/2.  ) 

F AU3*  ( ( 1 » +t*SNPl )/ ( 1 .-E^SNPl) )**<£/£• I 
FA O** ( (l.+£*SNP2) / tl.-E»SNP2) ) ♦*(E/2. ) 
FAC5"AL0G(RP1#CSP1/RP2/CSP2) 
6NP0«FAC5/AL0G(FAC1»FAC3/FAC2/FAC<*> 

HSI«HP1*CSP1/ (SNP0*FACi*FAC3) 

THTs(LAMR-LAMOR) *SNPO 

KHO«PdI*(TAN(  PI/'4.*PH  1R/2  * ) * ( ( 1 .♦E*$NP ) / ( 1 .-E*SNP  ) ) 
RH1  = RP1»CSP1/SKP0  ♦* I E/ 2.  ) ) 

X»S*RHU»SIU  (THT) 

Y*S*(RH1-RHU»C0S(TRT>  ) 

RETURN 

LRU 


25 


- hkt?  \\x:l.'.  T*-:i:.rr  i*:  j ::, 
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SUBROUTINE  STEREO  COC  6600  FTK  V3.0-P38G  OPT*l  1 

SUBROUTINE  STEREO 
REAL  LAMRuANOR 

COMMCN/CNST/A,  E,S,PHIOR,i.AMOR,  A ,RC,PIt  FH1.FH2  ,RTO 
CONMCN/INOUT/PHIR,LAMR|X|V 
b SNP»SIN<PHIR) 

IF  < PH  I CR  « L t • 1 » 56  2 0 P)  GO  TO  1 
F A Cl*  (lift)/  ( 1.  ♦£»)**<£/  2.  I 
FmC2«TAN (P1/L.-PHIR/2.) - 
f AC3«<(1.+E*SNP>/<1.-E*SNP>  )*ME/2.) 

10  f.  H0*2#*A*FAC1*PAC2*FAC3/SC!RT (1  .-E*E) 

TRT«LAHR-LhMOR 
X*  RHO*COS (THT) *s 

y*rhc«sin<thT) *s 

RETURN 

15  1 CSP*CCS<PHIk> 

SNPO*SlN(PHIOR) 

OSP0-CGS (PRIOR) 

CSu*GCS(LA,mR-LAHOR) 

SNL«SIN(LAMR-LAMOR) 

20  FAi.«t.+SNPU*SNP^CSPO*CSP*CSL 

Xa£«*A*CSP#SNt/FAC*S 
W.*AMCSPO*SNP-SNPO*CSP*CSL>  /FAC*S 
RETURN 
LNL 


irfifiVii  tfctia  rin'i'iMitiii  i aaiaiil 


subroutine  gnom 
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COG  ieoo  FTN  V3.0-P38C  0PT*>1  1 

SUBROUTINE  GNOM 
REAL  UAHRtCAMOR 

GOMMON/CNST/A  tEtStPHIOR»LAMOR»R  »RC»PI»  PHI |PH2,RTD 
COMMCN/I NOUT/PHIRf UAMRf Xj T 
S SNPWSlN(PHIR)" 

SNPO*$IN (PHIOR ) 

CSP»C0B(PHIR) 

CSPQaCOS  (PHIORI 
SNLaSXN<tAMR*LAHOR) 

10  CSI»COSUAMR*lAMOR» 

X«A*S*CSP*3NL/(SNP0*SNPtCSP0*CSP*CSL) 
YaA*S*(CSPO*SNP^SNPO»CSP*CSU/  <SNPO*SNP*CSPO*CSP*CSU 
RETURN 
ENC 


4 .* 


SUBROUTINE. 


b 


10 


i& 


A£EUU£*  COC  66  00  FU  V3.0-P36Q  OPT*i  1 

iiUuROUTINt  AZEQUD 

k£  AL  LAMR.uAMOR  K ^ toul  au*  6rn 

COH.MCN/CN&T /At£»S*PHXOR*I.AMORtR *RC#Pt»  PHi,PH2,RTD 

COmMCN/INOuT/ PHlR»LAMP»K»f 
SiNP*SlN(PhlR) 

$NkO*SIN (PHIQR) 

CSP*COS(PHIA) 

CSFO«CQS> (PHIO R > 

SNL*SIN < L AMR- L AMOR) 

C3b“CCS(LAMR-LAMOR) 

P Si* AC OS ( SNPO*SNP+CSPO*CSP*CSl ) 
CST*SNl^CSP/SIN(PSI) 

SNT*  <CSPO*SNP-SNPO*CSP*CSl> /SIMPSI) 

X * A*S*PSI*CST 
y«A*S*PSl*bNT 
RETURN 
EL  NO 
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SUBROUTINE 


5 


10 


15 


2 0 


25 


ORTHO  COC  6*00  FTN  V3.Q-P3SQ  0PT*1  t 

subroutine  ortho 

REAL  LAHRiLAHOR 

COHMCN/CNST/Af 6f S, PHlOR»LAMOR»  R,RC»PI»FH1|PH2»RT0 

COHMON/INOUT/PHXRtLAHRtXiY 

$NP*$XN(PHIR) 

CSP*C0S(PHIR) 

S>NPO«SIN  (PHIOR ) 

G3P0*CQS ( PHIOR) 

SNL*SIN(LAHR-LAMOR> 

CSl*CCS (L AMR-L AMOR) 

IF  * ASS (PHIOR) *LEt*  000  1)  CO  TO  1 
PS  I* A CCS (8NPQ*  SNP+CSPQ*CSP*C  SL ) 

Thl-ATANZ (!CSPO*SNP-SNPO*CSP*CSU .(SNL*CSP»» 

3NS*S IN (PSI ) 

X*A*S*SNS*COS (THT I 
Y*A#S*S>NS*3iIN(THTl 
RETURN 

1 PSI=ACOS(CSP*CSL) 

SNS-S IN (PSI ) 

IF  (ASS<SNL).IE..0QQ1)  THT*PI/2. 
IF(AbS(SNc)»LE«»0001)  GO  TO  2 
THT* ATAN2 (T AN  < PHIR) ,SNL) 

2 X»A*S*SNS*C03 (THT ) 

Y «A*S*S»NS*SIN  (THT ) 

RETURN 

ENO 


SUdROUTIN?  SIMCN1 


COC  6(00  FTN  V3.Q-P30Q  OM«l 


SUBROUTINE  SIMCNt 

G0HH0N/CNST/6»E.S*PMiaR.LAH0R.«fRC,PI.PHi.PH2»RT0 

uohhcn/ino«t/ph:r*uhrjX«v 

SnSSSwTfSSS^pSiSS^SU.JLJJX-tJJOJI-KMJFHtOn*. 

t»S*fc# (CTPO»(OTPO“PHIR*FMlORI  *C08 1 1 »1IN ( PHI CR ) t k 

RETURN 
END 


^UVANMifelM  RRfr*lt!MDietlRV.%/I.M  • l U-. 


SUBROUTINE 


5 


10 
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SIMCN2  CDC  6600  FTN  V3.0-P360  OPT«l  1 

SUBROUTINE  SIMCN2 
ivEm t LAMRtLAHOR 

COMMON/CNST/A  »E»S*PHlOR»LAMOR»R»RC»PIt PHI »PHZ»RTO 
CONMON/I NOUT/ PHIRf  LA  MR»  X»  Y 
CSPi*CCS  (PHI) 

CSP2«C0S (PH2I 
C1«<CSP1-CSP2)/<PH2*PH1> 

RHla|PH2-Phl)/ (li-CSP2/CSPl> 

R.rtO*RHl-PHIR^PHl 

X«h*S+RHO*SIN((LAMR-LAHOR»*C1) 

T»A*S*(RHl-RHO*COS(<UAMR-UAMOR)*Cll) 

RETURN 

cNu 
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SUBROUTINE 


b 


SINCL  COC  6 COO  FTN  V3.0-P380  OPT«l  1 

SUBROUTINE  SIMCL 
REAL  LAMR  jtANOR 

COhiMCN/CNST/A  »E»  S»  PH IOR  »tAMOR»  R *RC«Pt  • FHi  »PH2  «RTO 
UOMMCN/INOUT/PHIR, tAMR|X,Y 
X«A*S*<lAMR-tAM0R)/PI*2. 

V«A*S*PHIR 

RETURN 

END 


*4 
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f 

if 

% 


I 


I 


SUBROUTINE  POL  V 


COC  6600  FTN  V3.0-P380  OPT«l  l 


SUBROUTINE  poly 
R£mL  iamr,lamor 

GOMMCN/CNST/A|E#S»PHIQR*LAMOR»R»RC»PI»PHI»PH2»RTO 
COMMON /I NOUT/PHIRi LAMRf  X*  V ' 

5 IF<PHIR»N£. 0* I GO  TO  1 

y*u « 

X*A*S*lLAMR-LAMORJ 

RETURN 

1 CSP«COS(PHXR) 

10  SNP«SIN(PHIR) 

SNl>SIN(  (LAMR-LAMORMSNP) 
CSL«CCS((LAMR-LANCRJ*SNP» 

X«A*S*CSP*SNL/SNP 

Y*A*SMPHIK-PHI0R+CSP*<1.-CSL>/SNP) 

IS  RETURN 

END 


?■ 


1 


I 

Appendix  A.2  1 

ANCILLARY  PROGRAMS  | 


___  ancillary  programs  were  required  to  generute  the  tables  of  Chupter  3.  These  ure 
C.EOCEN,  CURVA,  MER1D,  and  CIRCLE.  These  programs  are  Included  In  this  appendix. 

In  all  of  the  programs,  DLPHI  Is  the  increment  In  latitude  In  radians,  and  DLPH1D  is  the 
increment  in  degrees,  I is  the  number  of  increments  to  be  calculated  and  printed.  All  four 
of  these  programs  have  the  constants  of  the  WGS-72  spheroid  included  In  them, 

GEOCEN  gives  geocentric  latitude  us  a function  of  geodetic  latitude,  and  geodetic 
latitude  as  a function  of  geocentric  latitude.  CURVA  calculates  the  radii  of  curvature  in  the 
merkllunal  plane,  nnd  perpendicular  to  the  merldlanal  plane,  us  a function  of  the  geodetic 
latitude.  MERID  produces  the  distance  along  the  merldiunal  ellipse  corresponding  to  1'  of 
urc  us  a function  of  geodetic  latitude,  Finally,  CIRCLE  gives  the  distance  along  a circle  of 
parallel  corresponding  to  I'  of  arc  us  a function  of  geodetic  latitude. 
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QUFVA  CDC  6600  FTN  V3.0-P 

PROGRAM  CURM  ( INPUT,  OUTPUT) 
PRINT  1 
1 FORMAT (1H1) 

E*.  06161 
A-6376169. 

PHI-0, 

PHTD-tf  t 

OLPHI-. 0672669 
OLPHID-S, 

E2-E*E 
FAC*1»-E2 
00  2 1-1,19 
SN-S1N  (PHI ) 

SN2-SN *SN 

RP-A/SQRT ( 1 .-E2*SN2) 
RN.RP*FAC/(l,-E2*SN2) 

PRINT  3»PHI0  »RP,RM 
3 FORMAT  (SX,F6*2,9X,F9«0,SX,F9«Q  ) 
PHX-PHIfDlPHI 
i PHIO-PMIO  + OLPHID 
STOP 
END 


tt-  i 


ft 


PROGRAM 


IE 


19 


20 


PROGRAM  GEOCEN  COG  660 Q FTN  V3.0-P38 

PROGRAM  GEOCEN(INPJTfOUTPUT) 

PHI*w. 

PHIO-j. 

la.QIMl 

5 DELPHI*. 0872665 

OlPHO*5 . 

F AC*SQRT (l.-E*E> 

PRINT  3 
3 FORMAT  Cl HI l 
1C  DO  1 

TPP«FAC*TAN(PHI) 

TP*TAN<PHI>/FAC 

PPU*ATAN<TPP>*57.2958 

P0«ATAMTP»*57.2958 

i*  PRINT  fc*PHIOiPPO«PHIOiPD 

2 FORMAT  t2X»F6.2'3XtF6.<*'!>X»F6.2»5XttS.4) 
PHID«PHXO*OlPHO 
1 RHI*PHI*DEIPHI 
STOP 

20  ENO 
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PROGRAM  MERIQ  COC  6600  FTN  V3.0-P 

PRD3RAM  ME  RIO  (.INPUT*  QUTPJTJ 
PRINT  1 

1 90RM AT ( t HI ) 

£**98101 

5 S2*E*£ 

£4«E2*S2 

E6*E2*E4 

1*6328165. 

3Fl«l.-E2/4.-3.*E4/32 

10  0Pi*l.-E2/4,-3.*E4/64.-3.*E6/256* 

3F2«3»  »E2/8.*3«*E<*/3  2.+t*5.*E6/1024. 
0P3*15.*EV256,*45*E  6/1024. 

;FV»35.*E6/3072. 

®HI«0. 

15  PHID*Q  « 

DLHJ«. 0822655 
3LMID-5, 

DO  2 1*1* 19 
RHU*HI-l*4M4E-4 

20  PHI2*PHI*1  .45444E-Q4 

SN2*2.*(30S (PHI 2*PHXl>  ♦$!(<<  &HI2-PHI1)  ) 
SN4*2.*<COS<2«MPHI2*PHIlM*SXN<2.MPHI2-PHIi>n 
SN6«2,*  (C0SC3  ♦*(PHI2fPHIl>  I »SXN(3.»  (PHI2-PHIim 
D*A*(3F1MPHI2-PHI1> -CF2*SN2tGF3*SN4-CF4*SN6> 

25  »RI *4T  3,  PMI0»0 

3 FORMAT (3X|F6.2t»X»F9.3) 

PHI«PrtI*0lPHI 

2 PHI3«PHID«-01PHID 
STOP 

30  END 
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PROGRAM 


B 


10 


IB 


20 


CIRCLE  CDC  6600  FTN  V3.Q-P361 

PROGRAM  CIRCLE  ( INPUT , OUTPUT* 

£■ *06161 
A-6376165 • 

OLAM-2  »90 8e8E-L 
PHI-0, 

PHXO«Q. 

0LPHI-.US7266S 

OLPHIO-5. 

PRINT  1 

1 FORMAT  f 1 HI ) 

DO  2 1-1,19 
SNP-SIN(PHI ) 

SN2-SNP*SNP 

0«A*0LAH*C0SrPMII/SQRTIl.-E*S*SN2» 
PRINT  3,  PHX0,0 
3 FORM AT  < 5 X , F6. 2 ,5 K , F9, 3 ) 

PHI-PHI ♦QLPHX 

2 PHIO-PHID+OLPHID 
STOP 

END 
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